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SYSTEMS OF TRANSVERSAL SECTIONS NEAR CRITICAL
ENERGY LEVELS OF HAMILTONIAN SYSTEMS IN R4
NAIARA V. DE PAULO AND PEDRO A. S. SALOMA˜O
Abstract. In this article we study Hamiltonian flows associated to smooth
functions H : R4 → R restricted to energy levels close to critical levels. We
assume the existence of a saddle-center equilibrium point pc in the zero energy
level H−1(0). The Hamiltonian function near pc is assumed to satisfy Moser’s
normal form and pc is assumed to lie in a strictly convex singular subset
S0 of H−1(0). Then for all E > 0 small, the energy level H−1(E) contains a
subset SE near S0, diffeomorphic to the closed 3-ball, which admits a system of
transversal sections FE , called a 2−3 foliation. FE is a singular foliation of SE
and contains two periodic orbits P2,E ⊂ ∂SE and P3,E ⊂ SE \∂SE as binding
orbits. P2,E is the Lyapunoff orbit lying in the center manifold of pc, has
Conley-Zehnder index 2 and spans two rigid planes in ∂SE . P3,E has Conley-
Zehnder index 3 and spans a one parameter family of planes in SE \ ∂SE . A
rigid cylinder connecting P3,E to P2,E completes FE . All regular leaves are
transverse to the Hamiltonian vector field. The existence of a homoclinic orbit
to P2,E in SE \ ∂SE follows from this foliation.
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1. Introduction
Pseudo-holomorphic curves have been used as a powerful tool to study global
properties of Hamiltonian dynamics. In his pioneering work [22], H. Hofer showed
that one can study Hamiltonian flows restricted to a contact type energy level by
considering pseudo-holomorphic curves in its symplectization. For that, he intro-
duced the notion of finite energy pseudo-holomorphic curve and proved many cases
of Weinstein conjecture in dimension 3. Later, in a series of papers [23, 24, 25,
26, 27], Hofer, Wysocki and Zehnder developed the foundations of the theory of
pseudo-holomorphic curves in symplectizations. Deep dynamical results followed
from this theory such as the construction of disk-like global surfaces of section for
strictly convex energy levels in R4, see [28], and the existence of global systems of
transversal sections for generic star-shaped energy levels in R4, see [29].
In this paper we use the theory of pseudo-holomorphic curves in symplectizations
in order to investigate the existence of systems of transversal sections near critical
energy levels of Hamiltonian systems in R4.
Remounting the works of Poincare´ and Birkhoff in the restricted three body prob-
lem, the use of global surfaces of section revealed to be an important tool to study
dynamics of two degree of freedom Hamiltonian systems restricted to an energy
level. Starting with the classical Poincare´-Birkhoff fixed point theorem, this type
of two-dimensional reduction motivated a vast development of conservative surface
dynamics and, in particular, led to various existence results of periodic orbits. The
method of global surfaces of sections, however, has its own limitations since either
they may not exist or their existence may be hard to be proven. One recent way to
overcome this difficulty is to look after the so called global systems of transversal
sections introduced in [29]. These are singular foliations of the energy level where
the singular set is formed by finitely many periodic orbits, called bindings, and the
regular leaves are punctured surfaces transverse to the Hamiltonian vector field and
asymptotic to the bindings at the punctures. It naturally generalizes the notion
of global surfaces of section where, in this particular case, the regular leaves lie in
an S1-family of punctured surfaces and a first return map to every regular leaf is
available. In some situations, a global system of transversal sections gives valuable
information about dynamics since, as in the case of a global surface of section, it
may force the existence of periodic orbits, homoclinics to a hyperbolic orbit etc.
As mentioned above, results in [29] imply that the Hamiltonian flow on a generic
star-shaped energy level in R4 admits a global system of transversal sections where
the regular leaves are punctured spheres.
Here we assume that a smooth autonomous Hamiltonian system in R4 admits a
saddle-center equilibrium point at the zero energy level. The linearized Hamiltonian
vector field at such an equilibrium has a pair of real eigenvalues and a pair of
purely imaginary eigenvalues. The Hamiltonian function near the saddle-center is
assumed to have a nice normal form which will be referred as Moser’s normal form.
For energies slightly below zero, the energy level near the saddle-center contains
two connected components and, as the energy goes above zero, a 1-handle neck
parametrized by [−1, 1]× S2 is attached to the energy level as the connected sum
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of the two previous components. The special separating 2-sphere {0}×S2 contains
the Lyapunoff periodic orbit as its equator, one for each positive value of energy,
forming the center manifold of the saddle-center associated to the purely imaginary
eigenvalues. The separating 2-sphere has two open hemispheres separated by the
Lyapunoff orbit which correspond to transit trajectories that cross the neck from
one side of the energy level to the other. Local trajectories which do not cross
the separating 2-sphere and escape from the neck for positive and negative times
are called non-transit. The Lyapunoff orbit is hyperbolic within its energy level
and its stable and unstable manifolds are invariant cylinders with local branches in
both sides of the separating 2-sphere. The intersection of these cylinders with the
2-spheres {s} × S2, s 6= 0, are two simple closed curves separating the transit from
the non-transit trajectories.
It is a classical problem to study the existence of Hamiltonian solutions which
are doubly asymptotic to the Lyapunoff orbits, the so called homoclinics. The
existence of homoclinics depends on global assumptions of the Hamiltonian function
which may force intersections of their stable and unstable manifolds. We refer to
Conley’s papers [10, 11, 12] (see also McGehee’s thesis [40]) as an attempt to study
homoclinics in the circular planar restricted three body problem for energies above
the first Lagrange value. Using Moser’s normal form, Conley considers relative
surfaces of section and their transition maps representing transit, non-transit and
global trajectories. The notion of global systems of transversal sections was not yet
known and thus not considered.
As mentioned above, the existence of homoclinics to the Lyapunoff orbits de-
pends on global assumptions. In this paper, we assume that the saddle-center lies
in a strictly convex subset of the zero energy level so that this subset is homeomor-
phic to the 3-sphere and has the saddle-center as its unique singularity. It follows
that for energies slightly above zero, the energy level contains a subset diffeomorphic
to the 3-ball and close to the singular subset, so that its boundary coincides with
the separating 2-sphere. Our main result states that for all small positive values
of energy, this 3-ball admits a system of transversal sections, called 2− 3 foliation,
and the Lyapunoff orbit is one of the two existing binding orbits. Both hemispheres
of the separating 2-sphere are regular leaves of this foliation. The other binding
orbit lies in the interior of the 3-ball and spans a one parameter family of disk-like
regular leaves. Such family of disks ‘breaks’ into a cylinder connecting both bind-
ings and into the hemispheres of the separating 2-sphere. The organization of the
flow induced by the 2 − 3 foliation allows us to conclude that the Lyapunoff orbit
admits at least one homoclinic in the interior of the 3-ball.
The proof of the main result relies on the existence of finite energy foliations in
the symplectization of the 3-sphere equipped with a nondegenerate tight contact
form. For small positive energies, we take a copy of the 3-ball close to the strictly
convex subset and patch them together along their boundaries to obtain a smooth
3-sphere. Using Moser’s coordinates near the saddle-center and the global convex-
ity assumption, we show that the Hamiltonian flow on this 3-sphere is the Reeb
flow of a tight contact form. Moreover, except for the Lyapunoff orbit, all other pe-
riodic orbits have Conley-Zehnder index at least 3 and those periodic orbits which
cross the separating 2-sphere must have Conley-Zehnder index > 3. Under a slight
perturbation of the contact form, we may assume that the Reeb flow is nondegen-
erate. Hence, with the aid of suitable almost complex structures, we apply results
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of [29] in order to obtain a finite energy foliation in the symplectization of the 3-
sphere. This foliation projects down to a global system of transversal sections for
the perturbed flow. Using the estimates of the Conley-Zehnder indices mentioned
above, we conclude that it must be a 3 − 2 − 3 foliation, i.e., in both sides of the
separating 2-sphere it restricts to a 2− 3 foliation. The last and hardest step in the
proof consists of taking the limit of such finite energy foliations to the unperturbed
Hamiltonian dynamics in order to obtain the desired singular foliation.
There are many classical Hamiltonian systems in R4 which fit our hypotheses. If
the Hamiltonian function is of the form kinetic plus potential energy, then a saddle
critical point of the potential function corresponds to a saddle-center equilibrium
point. The global convexity assumption can be directly checked on the correspond-
ing Hill’s region. In fact, it depends on the positivity of an expression involving
the derivatives of the potential function up to second order [44]. In some cases
this computation is relatively simple. Here we show two examples in this class of
Hamiltonians satisfying our hypotheses, one of them being a perturbation of the
well known He´non-Heiles Hamiltonian.
In the following subsections §1.1 and §1.2 we establish the local and global hy-
potheses of our Hamiltonian system, respectively. After defining 2 − 3 foliations
in §1.3, we state our main theorem in §1.4. Applications of the main theorem to
Hamiltonian systems of the form kinetic plus potential energy are given in §1.5.
In Section 2, we split the proof of the main theorem in many steps which are
essentially stated in Propositions 2.1, 2.2, 2.8, 2.9 and 2.10-i)-ii)-iii). These propo-
sitions are proved in Sections 3 to 9, respectively. There are three appendices, one
containing the basics of the theory of pseudo-holomorphic curves in symplectiza-
tions, another containing a linking property of a homoclinic to the saddle-center
and, finally, the last appendix containing uniqueness and intersection properties of
pseudo-holomorphic curves.
1.1. Saddle-center equilibrium points. Let H : R4 → R be a smooth function.
Consider the coordinates (x1, x2, y1, y2) ∈ R4 and let ω0 be the standard symplectic
form
ω0 =
2∑
i=1
dyi ∧ dxi.
The Hamiltonian vector field XH is determined by iXHω0 = −dH and is given by
XH =
2∑
i=1
∂yiH∂xi − ∂xiH∂yi .
We denote by {ψt, t ∈ R} the flow of XH , assumed to be complete. Clearly, ψt
preserves the energy levels of H since dH ·XH = −ω0(XH , XH) = 0.
Definition 1.1. An equilibrium point of the Hamiltonian flow is a point pc ∈ R4
so that
dH(pc) = 0⇔ XH(pc) = 0⇔ ψt(pc) = pc, ∀t.
We say that the equilibrium point pc is a saddle-center if the matrix representing
DXH(pc) has a pair of real eigenvalues α and −α, and a pair of purely imaginary
eigenvalues ωi and −ωi, where α, ω > 0.
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Saddle-center equilibrium points appear quite often in literature. As an example,
let
H(x, y) =
〈y, y〉
2
+ U0(x),
where 〈·, ·〉 is a positive definite inner product on R2, y = (y1, y2) ∈ R2, and U0
is a smooth potential function in x = (x1, x2) ∈ R2. Assume U0 admits a saddle-
type critical point at xc = (x1c, x2c) ∈ R2. Then pc = (x1c, x2c, 0, 0) ∈ R4 is a
saddle-center equilibrium point for H .
Throughout this article we assume that H admits a saddle-center equilibrium
point pc ∈ R4 so that near pc we have the following canonical coordinates which put
the Hamiltonian H in a very special normal form, possibly after adding a constant
to H and changing its sign.
Hypothesis 1 (local coordinates). There exist neighborhoods V, U ⊂ R4 of 0,
pc, respectively, and a smooth symplectic diffeomorphism ϕ : (V, 0) → (U, pc) so
that, denoting (x1, x2, y1, y2) = ϕ(q1, q2, p1, p2), the symplectic form on V is given
by
∑
i=1,2 dpi ∧ dqi = ϕ∗
(∑
i=1,2 dyi ∧ dxi
)
and the Hamiltonian K := ϕ∗H is
given by
(1.1) K(q1, q2, p1, p2) = K¯(I1, I2) = −αI1 + ωI2 +R(I1, I2),
where
(1.2) I1 = q1p1, I2 =
q22 + p
2
2
2
and R(I1, I2) = O(I
2
1 + I
2
2 ).
Here K¯ is a smooth function on I1 and I2.
Remark 1.2. Throughout the paper we use the convention
g(x) = O(f(x))⇔ ∃k > 0 s.t. |g(x)| ≤ k|f(x)|, ∀|x| small.
Remark 1.3. Moser’s theorem [42] and a refinement of Russmann [43] (see also
Delatte’s paper [15]) show that if the Hamiltonian function is real-analytic near the
saddle-center then one can find local real-analytic symplectic coordinates so that the
Hamiltonian function takes the form (1.1). Hence Hypothesis 1 is automatically
satisfied if the Hamiltonian function is real-analytic near the saddle-center. This
normal form of the Hamiltonian function will be called Moser’s normal form.
The flow of z˙ = XK ◦ z, z = (q1, q2, p1, p2) ∈ V, is integrable with first integrals
I1 and I2. Its solutions satisfy
(1.3)

q1(t) = q1(0)e
−α¯t,
p1(t) = p1(0)e
α¯t,
q2(t) + ip2(t) = (q2(0) + ip2(0))e
−iω¯t.
where α¯ = −∂I1K¯ = α − ∂I1R and ω¯ = ∂I2K¯ = ω + ∂I2R are constant along the
trajectories. We then observe a saddle and a center behavior of the flow in the
planes (q1, p1) and (q2, p2), respectively. See Figure 1.1.
In Figure 1.2, we have a local description of the energy levels H−1(E), |E| small,
projected into the plane (q1, p1), by means of the local Hamiltonian function K.
We see that for E < 0, K−1(E) contains two components projected into the first
and third quadrants. For E = 0, these components touch each other at the origin
and for E > 0, K−1(E) contains only one component corresponding topologically
to a connected sum of the two components in E < 0.
6 NAIARA V. DE PAULO AND PEDRO A. S. SALOMA˜O
q1
p1
q2
p2
Figure 1.1. Local behavior of the flow near a saddle-center equi-
librium point projected into the planes (q1, p1) and (q2, p2).
q1 q1
p1 p1
q1
p1
E < 0 E = 0 E > 0
Figure 1.2. The projections of K−1(E) into the plane (q1, p1) for
E < 0, E = 0 and E > 0.
1.2. Strictly convex subsets of the critical energy level. Let us start with
the following lemma which will be useful in our construction.
Lemma 1.4. For all (E, δ) 6= (0, 0), with E, δ ≥ 0 sufficiently small, the set
N δE := {q1 + p1 = δ} ∩K−1(E)
is an embedded 2-sphere in K−1(E).
Proof. Using q1 + p1 = δ and K = E in (1.1), we obtain
α
(
q1 − δ
2
)2
+ ω
q22 + p
2
2
2
+O
(
q21(q1 − δ)2 +
(
q22 + p
2
2
)2)
= E +
αδ2
4
.
Let k =
√
E + αδ
2
4 > 0. Defining the rescaled variables q1 =
k√
α
q¯1 +
δ
2 , q2 =
k
√
2√
ω
q¯2, p2 =
k
√
2√
ω
p¯2, with |(q¯1, q¯2, p¯2)| ≤ 2, we get
q¯21 + q¯
2
2 + p¯
2
2 +O
(
k4
)
= 1.
This is an embedded 2-sphere in coordinates (q¯1, q¯2, p¯2) for all E, δ ≥ 0 sufficiently
small, with (E, δ) 6= (0, 0). 
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A more detailed description of N δE is the following. Since ∂I2K¯(0, 0) = ω 6= 0,
one can write using the implicit function theorem
(1.4) I2 = I2(I1, E) =
α
ω
I1 +
E
ω
+O
(
I21 + E
2
)
,
for |I1|, |E| small. For a fixed E ≥ 0 small, there exists I−1 (E) ≤ 0 so that I2 ≥
0 ⇒ I1 ≥ I−1 (E). Fixing also δ ≥ 0 small, with (E, δ) 6= (0, 0), we see that
{q1+p1 = δ}∩K−1(E) projects onto a bounded segment Iδ,E in the plane (q1, p1).
Its mid-point corresponds in K−1(E) to the circle I1 = I+1 (δ) :=
δ2
4 and I
+
2 (δ, E) :=
I2(I
+
1 (δ), E). Each internal point (q1, p1) of Iδ,E corresponds in K
−1(E) to a circle
I1 = q1p1 and I2 = I2(I1, E) ≤ I+2 (δ, E). These circles collapse at the extreme
points of Iδ,E , which correspond in K
−1(E) to points I1 = I−1 (E) and I2 = 0,
forming the embedded 2-sphere N δE . See Figure 1.5 below.
The embedded 2-sphere N δ0 ⊂ K−1(0), δ > 0 small, as in Lemma 1.4, is the
boundary of a topological closed 3-ball inside K−1(0) given by
Bδ0 := {0 ≤ q1 + p1 ≤ δ} ∩K−1(0).
Note that the 3-ball Bδ0 contains the saddle-center equilibrium point in its center.
Fixing δ > 0 small, we assume that ϕ(N δ0 ) is also the boundary of an embedded
closed 3-ball Bδ ⊂ H−1(0) containing only regular points of H and so that in local
coordinates it projects in {q1 + p1 ≥ δ}. In this case ϕ(Bδ0) ∩Bδ = ϕ(N δ0 ). Let
S0 := ϕ(B
δ
0) ∪Bδ ⊂ H−1(0).
It follows that S0 is homeomorphic to the 3-sphere and has pc as its unique singu-
larity. See Figure 1.3.
Definition 1.5. The set S0 constructed above is called a sphere-like singular subset
of H−1(0) containing pc as its unique singularity.
pc
S0
ϕ(N δ
0
)
ϕ(Bδ
0
)
Bδ
Figure 1.3. The sphere-like singular subset S0 = ϕ(B
δ
0) ∪Bδ ⊂ H−1(0).
Let U ⊂ R4 be a small neighborhood of S0. It follows that for all E > 0 small we
find an embedded closed 3-ball SE ⊂ H−1(E) ∩ U so that in local coordinates SE
projects in {(q1, p1) ∈ R2 : q1 + p1 ≥ 0}, see Figures 1.4 and 1.5. By Lemma 1.4,
its boundary ∂SE ⊂ H−1(E) is an embedded 2-sphere and contains the periodic
orbit P2,E ⊂ H−1(E) given in local coordinates by
P2,E := {q1 = p1 = 0, I2 = I2(0, E)} ⊂ K−1(E),
see (1.4). Note that I2(0, E)→ 0 as E → 0+.
The one parameter family of periodic orbits P2,E , E > 0 small, lies in the center
manifold of pc. We shall see later that P2,E is hyperbolic inside H
−1(E) and its
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SE
pc
S0
P2,E
∂SE
Figure 1.4. The embedded closed 3-ball SE ⊂ H−1(E), E > 0 small.
Conley-Zehnder index equals 2. P2,E is called the equator of ∂SE. The stable and
unstable manifolds of P2,E are locally given by
W sE,loc := {p1 = 0, I2 = I2(0, E)}
WuE,loc := {q1 = 0, I2 = I2(0, E)},
respectively. Both W sE,loc and W
u
E,loc are transverse to ∂SE inside H
−1(E) and
both have branches inside S˙E := SE \ ∂SE .
The hemispheres of ∂SE , defined in local coordinates by
(1.5)
U1,E := {q1 + p1 = 0, q1 < 0} ∩K−1(E),
U2,E := {q1 + p1 = 0, q1 > 0} ∩K−1(E),
are transverse to the Hamiltonian vector field, which points inside SE at U1,E and
outside SE at U2,E . See Figure 1.5.
q1
p1
P2,E
U2,E
U1,E
q1 + p1 = 0
SE
Figure 1.5. The embedded 2-sphere ∂SE = ϕ(N
0
E) ⊂ H−1(E),
E > 0, and its hemispheres U1,E and U2,E . The arrows point in
the direction of the Hamiltonian vector field.
The local stable and unstable manifolds of pc are given by
W s0,loc := {p1 = q2 = p2 = 0}
Wu0,loc := {q1 = q2 = p2 = 0}.
Both are one-dimensional and contain a branch inside S˙0 := S0 \ {pc}.
Definition 1.6. We say that the sphere-like singular subset S0 ⊂ H−1(0) con-
taining the saddle-center equilibrium point pc as its unique singularity is a strictly
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convex singular subset of H−1(0) if S0 bounds a convex subset of R4 and the fol-
lowing local convexity assumption is satisfied
(1.6) Hww(w)|Tw S˙0 is positive definite for all regular points w ∈ S˙0,
where Hww denotes the Hessian of H.
Hypothesis 2 (global convexity). The saddle-center equilibrium point pc lies
in a strictly convex singular subset of the critical energy level H−1(0).
Remark 1.7. In [44], Hamiltonian functions satisfying Hypotheses 1 and 2 are pre-
sented. It is proved that the local convexity assumption (1.6) implies that S0 bounds
a convex domain in R4, thus Hypothesis 2 could be relaxed by only requiring the local
condition (1.6). In this case, all tangent hyperplanes Hw := w+ TwS˙0, w ∈ S˙0, are
non-singular support hyperplanes of S˙0. This means that Hw ∩S0 = {w} and given
any smooth curve γ : (−ǫ, ǫ) → S˙0, ǫ > 0, with γ(0) = w and 0 6= γ′(0) ∈ TwS˙0,
its second derivative γ′′(0) is transverse to TwS˙0. One of the consequences of this
geometric property is that given any point w0 belonging to the bounded component
of R4 \ S0, each ray through w0 intersects S0 precisely at a single point and, at a
regular point of S˙0, this intersection is transverse. It follows that S˙0 has contact
type and the Hamiltonian flow restricted to S˙0 is equivalent to a Reeb flow. This
will be discussed below.
1.3. 2−3 foliations. We are interested in finding a particular system of transversal
sections for the Hamiltonian flow restricted to the closed 3-ball SE , with E > 0
small. We shall call this system a 2 − 3 foliation. The numbers correspond to the
Conley-Zehnder indices of the binding orbits.
Definition 1.8. Let pc be a saddle-center equilibrium point for the Hamiltonian
function H for which Hypothesis 1 is satisfied. Let S0 ⊂ H−1(0) be a sphere-like
singular subset of H−1(0) containing pc as its unique singularity. Given E > 0
small, let SE ⊂ H−1(E) be the embedded closed 3-ball near S0 as explained above,
so that in local coordinates it projects in {q1 + p1 ≥ 0}. A 2 − 3 foliation adapted
to SE is a singular foliation FE of SE with the following properties:
• The singular set of FE is formed by the hyperbolic periodic orbit P2,E ⊂ ∂SE
and by an unknotted periodic orbit P3,E ⊂ S˙E := SE \ ∂SE. These periodic
orbits are called the binding orbits of FE and their Conley-Zehnder indices
are CZ(P2,E) = 2 and CZ(P3,E) = 3, see Appendix A for definitions.
• FE contains the hemispheres U1,E and U2,E of ∂SE defined in local coordi-
nates by (1.5). Both hemispheres are called rigid planes.
• FE contains an embedded open cylinder VE ⊂ S˙E \P3,E and its closure has
boundary ∂VE = P2,E ∪ P3,E. This cylinder is also called rigid.
• FE contains a smooth one parameter family of embedded open disks Dτ,E ⊂
S˙E \ (VE ∪ P3,E), τ ∈ (0, 1), so that the closure of Dτ,E has boundary
∂Dτ,E = P3,E , ∀τ. This family foliates S˙E \ (VE ∪ P3,E) and as τ → 0+,
Dτ,E → VE ∪ P2,E ∪ U1,E and as τ → 1−, Dτ,E → VE ∪ P2,E ∪ U2,E.
• The Hamiltonian vector field XH is transverse to all regular leaves U1,E,
U2,E , VE and Dτ,E, τ ∈ (0, 1).
Later on we shall give a better description of the asymptotic behavior of the
leaves Dτ,E ∈ FE, τ ∈ (0, 1), and VE near the boundary P3,E . We shall also
describe in a more precise way the convergence of the one parameter family of disks
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Dτ,E, τ ∈ (0, 1), to VE ∪P2,E ∪U1,E as τ → 0+ and to VE ∪P2,E ∪U2,E as τ → 1−.
See Figure 1.6.
P2,E
P3,E
U2,E
U1,E
Dτ,E
W s
E,loc
W u
E,locVE
Figure 1.6. This figure represents a slice of a 2 − 3 foliation
adapted to SE . The black dots represent the binding orbit P3,E
with Conley-Zehnder index 3 and the white dots represent the
hyperbolic orbit P2,E with Conley-Zehnder index 2. The disks
Dτ,E , τ ∈ (0, 1), are represented by dashed curves. The rigid planes
U1,E and U2,E and the rigid cylinder VE are represented by bold
curves. The black arrows point in the direction of the Hamiltonian
vector field. The local stable and unstable manifolds of P2,E are
also represented in the figure.
1.4. Main statement. The main result of this article is the following theorem.
Theorem 1.9. Let H : R4 → R be a smooth Hamiltonian function admitting
a saddle-center equilibrium point pc ∈ H−1(0). Assume the existence of suitable
smooth canonical coordinates (q1, q2, p1, p2) near pc so that H has the special normal
form (1.1) as in Hypothesis 1. Assume that Hypothesis 2 is also satisfied, i.e., pc
lies in a strictly convex singular subset S0 of the critical level H
−1(0) projecting
in local coordinates in the first quadrant {q1, p1 ≥ 0}. Let SE ⊂ H−1(E), E > 0
small, be the embedded closed 3-ball near S0, defined as above, and which in local
coordinates projects in {q1 + p1 ≥ 0}. Then for all E > 0 sufficiently small, there
exists a 2 − 3 foliation FE adapted to SE. In particular, there exists at least one
homoclinic orbit to P2,E ⊂ ∂SE contained in S˙E = SE \ ∂SE.
Corollary 1.10. Let H : R4 → R be a smooth Hamiltonian function admitting a
saddle-center equilibrium point pc ∈ H−1(0) so that H is real-analytic near pc, see
Remark 1.3. Assume that pc lies in a strictly convex singular subset S0 ⊂ H−1(0)
as in Theorem 1.9. Then for all E > 0 sufficiently small, the energy level H−1(E)
contains a 3-ball SE near S0 which admits an adapted 2−3 foliation. The hyperbolic
binding orbit P2,E ⊂ ∂SE has a homoclinic orbit in S˙E = SE \ ∂SE.
Remark 1.11. It might happen that H−1(0) contains a pair of strictly convex
singular subsets S0, S
′
0 intersecting precisely at the saddle-center pc. In this case,
H−1(E), E > 0 small, also contains a subset S′E near S
′
0, diffeomorphic to the closed
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3-ball, so that ∂S′E = ∂SE. In local coordinates (q1, q2, p1, p2), SE projects in {q1+
p1 ≥ 0} and S′E projects in {q1 + p1 ≤ 0}. Using the symmetry of the Hamiltonian
function in local coordinates given by K(−q1, q2,−p1, p2) = K(q1, q2, p1, p2), one
can also obtain a 2 − 3 foliation F ′E adapted to S′E. In this way, S′E ∪ SE is
diffeomorphic to the 3-sphere and it admits the singular foliation F ′E ∪ FE, called
a 3− 2− 3 foliation adapted to S′E ∪ SE, which has three periodic orbits as binding
orbits: P3,E ⊂ S˙E , P ′3,E ⊂ S˙′E := S′E \ ∂S′E , both having Conley-Zehnder index 3,
and the hyperbolic orbit P2,E ⊂ ∂S′E = ∂SE with Conley-Zehnder index 2. At least
two homoclinic orbits to P2,E are obtained, one in each subset S˙E and S˙
′
E.
Remark 1.12. We expect that the geometric convexity assumptions of S˙0 in The-
orem 1.9, given by Hypothesis 2, may be replaced by the weaker assumption that S˙0
is dynamically convex, i.e., all of its periodic orbits have Conley-Zehnder index at
least 3.
Remark 1.13. Recent results on the circular planar restricted three body prob-
lem [2] show that for energies slightly above the first Lagrange value, the energy
level has contact type. This allows the use of pseudo-holomorphic curves to study
Hamiltonian dynamics restricted to such energy levels. Considering the Levi-Civita
regularization near one of the primaries and working on the double covering space,
one has a symmetric subset of the critical energy level in R4 which is homeomor-
phic to the 3-sphere and has precisely two symmetric saddle-center equilibriums as
singular points. Here the symmetry is given by the antipodal map and these two
equilibriums correspond to the first Lagrange point. Since we consider the case
where the singular subset has only one singularity, our results do not apply to that
situation. Even if one considers the dynamics on the manifold quotiented by the
antipodal symmetry, where the critical subset has only one singularity, one still has
a different topological setup which is not covered by results in this paper.
1.5. Applications. It is not hard to find Hamiltonian functions satisfying the
hypotheses of Theorem 1.9. For instance, the real-analytic Hamiltonian
(1.7) H(x1, x2, y1, y2) =
y21 + y
2
2
2
+
x21 + kx
2
2
2
+
1
2
(
x21 + x
2
2
)2
,
admits a saddle-center equilibrium point at pc = 0 ∈ R4 for all k < 0. Moreover,
it is proved in [44] that pc lies in a pair of strictly convex singular subsets S0, S
′
0 ⊂
H−1(0). The projections of S0 and S′0 into the plane (x1, x2) are topological disks
D0 ⊂ {x2 ≥ 0} and D′0 ⊂ {x2 ≤ 0}, respectively, whose boundaries are strictly
convex and contain a singularity at 0 ∈ R2, see Figure 1.7. Thus hypotheses of
Theorem 1.9 are satisfied and we conclude that for all E > 0 sufficiently small, there
exists a pair of subsets SE , S
′
E ⊂ H−1(E), with ∂SE = ∂S′E , so that SE , S′E admit
2− 3 foliations FE ,F ′E and WE = SE ∪S′E admits a 3− 2− 3 foliation. In this case
∂SE contains the periodic orbit P2,E = {y21 + x21 + x41 = 2E, x2 = y2 = 0} and, by
the symmetry of H , its hemispheres can be chosen to be U1,E = {y21+y22+x21+x41 =
2E, x2 = 0, y2 > 0} and U2,E = {y21 + y22 + x21 + x41 = 2E, x2 = 0, y2 < 0}. The
binding orbits of FE ∪ F ′E are P2,E , P3,E and P ′3,E , with P3,E projecting inside
{x2 > 0} and P ′3,E projecting inside {x2 < 0}. In this simple example the Liouville
vector field Y (w) = w2 is transverse to H
−1(E), E > 0, and possibly one might do
many computations explicitly. There exists at least one homoclinic to P2,E in S˙E
and in S˙′E .
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E > 0E = 0E < 0
x1
x2 x2x2
x1x1
D0
D
′
0
Figure 1.7. Hill’s region of the Hamiltonian (1.7) for E < 0,
E = 0 and E > 0. Observe the symmetry under the involutions
(x1, x2) 7→ (±x1,±x2).
Another Hamiltonian function satisfying hypotheses of Theorem 1.9 is given by
(1.8) H(x1, x2, y1, y2) =
y21 + y
2
2
2
+
x21 + x
2
2
2
+ bx21x2 −
x32
3
,
where 0 < b < 1. The case b = 1 corresponds to the well known He´non-Heiles
Hamiltonian. It is proved in [44] that if 0 < b < 1 then the saddle-center equilibrium
point pc = (0, 1, 0, 0) ∈ H−1
(
1
6
)
lies in a strictly convex singular subset S0 ⊂
H−1
(
1
6
)
. The projection of S0 into the plane (x1, x2) is a topological disk with
strictly convex boundary containing a singularity at (0, 1) ∈ R2, see Figure 1.8.
Thus for each E = 16 + ε, with ε > 0 sufficiently small, H
−1(E) contains a subset
SE , diffeomorphic to the closed 3-ball and close to S0, admitting a 2 − 3 foliation
FE. The boundary ∂SE is close to pc and contains a periodic orbit P2,E . The
existence of a homoclinic to P2,E in S˙E follows from this foliation.
x2
x1
x2
x1
x2
x1
1
E =
1
6
E <
1
6
E >
1
6
Figure 1.8. Hill’s region of the Hamiltonian (1.8) for E < 16 ,
E = 16 and E >
1
6 . Observe the symmetry under the involution
(x1, x2) 7→ (−x1, x2).
1.6. An open question. One could try to obtain a system of transversal sections
adapted to the strictly convex singular subset S0 ⊂ H−1(0). The expected picture is
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the following: there exists an unknotted periodic orbit P3,0 ⊂ S˙0, which has Conley-
Zehnder index 3 and is the binding of a singular foliation F0. F0 contains an open
cylinder V0 ⊂ S˙0 so that its closure D∞ := closure(V0 ∪ {pc}) ⊂ S0 is a topological
embedded closed disk containing pc in its interior and whose boundary coincides
with P3,0. In the complement S0 \D∞, F0 contains a smooth one parameter family
of embedded open disks Dτ,0 ⊂ S˙0, τ ∈ (0, 1), so that the closure of each Dτ,0 has
boundary ∂Dτ,0 = P3,0, ∀τ, and converges toD∞ as τ → 0+ and as τ → 1−, through
opposite sides of D∞. All regular leaves in S˙0 are transverse to the Hamiltonian
vector field. In fact, this is a bifurcation picture for foliations adapted to SE , as
one goes from the open book decomposition with disk-like pages for a component
near S0, also denoted SE for all E < 0 small, obtained in [28], to the 2− 3 foliation
adapted to SE for E > 0, obtained in Theorem 1.9. If such a singular foliation
adapted to S0 exists, then the disks Dτ,0, τ ∈ (0, 1), and the disk V0 ∪ {pc} are
disk-like global surfaces of section for the Hamiltonian flow restricted to S0 in the
following sense: every orbit in S˙0 \ P3,E hits one such disk infinitely many times
forward in time, except the branch γs of the stable manifold of pc in S˙0, which
is one-dimensional. In local coordinates (q1, q2, p1, p2), the local branch of γ
s is
given by {p1 = q2 = p2 = 0, q1 ≥ 0}. Considering the continuation of the local
branch of γs to be the local branch of the unstable manifold of pc in S0, given by
{q1 = q2 = p2 = 0, p1 ≥ 0}, one can define a continuous area-preserving return
map for all of these disks. It turns out that the return map and its positive iterates
are smooth except perhaps at those points intersecting γs, where an infinite twist
near each of such points appears after finitely many iterations. It follows that S˙0
contains either 2 or infinitely many periodic orbits, where a homoclinic orbit to
pc, if it exists, is counted as a periodic orbit. In [20], the binding orbit P3,0 is
proved to exist and in [21] such a foliation is proved to exist under very restrictive
assumptions such as integrability or quasi-integrability of the flow. The general
case, possibly assuming only dynamical convexity for S˙0, is still open.
U1,E
pc
P3,0 P3,EP3,E
P2,E
Dτ,EDτ,0Dτ,E
U2,E
E < 0 E = 0 E > 0
W u
E,loc
W s
E,loc
W u
0,loc
W s
0,loc
VEV0
Figure 1.9. A bifurcation diagram of the foliation from E < 0 to
E > 0. The expected foliation for E = 0 contains a leaf passing
through the singularity pc which is represented as a bold line. If
E < 0, this singularity is removed and if E > 0 the singularity
gives place to an embedded 2-sphere ∂SE, formed by a pair of
rigid planes and the hyperbolic orbit P2,E in the center manifold
of pc. Notice that for E > 0 the foliation is the same as in Figure
1.6, but represented outside ∂SE .
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2. Proof of the main statement
The main steps of the proof of Theorem 1.9 are stated in Propositions 2.1, 2.2,
2.8, 2.9 and 2.10 below. In the following we sketch these steps: first we take a copy
S′E of the 3-ball SE ⊂ H−1(E) and glue them together along their boundaries to
form a smooth 3-sphere WE = SE ⊔ S′E so that ∂SE ≡ ∂S′E is the separating 2-
sphere containing the hyperbolic orbit P2,E . For all E > 0 small, we show that the
Hamiltonian flow on WE coincides, up to a reparametrization, with the Reeb flow
of a tight contact form λE on WE . Then we estimate the Conley-Zehnder indices
of periodic orbits and prove that the closer a periodic orbit in WE \P2,E is to P2,E ,
the higher its Conley-Zehnder index is. In particular, we show that periodic orbits
crossing the separating 2-sphere must have arbitrarily high Conley-Zehnder index,
for small values of E > 0. Moreover, we prove that all periodic orbits, except for
P2,E , have Conley-Zehnder index ≥ 3. These properties also hold for the Reeb flow
of any λn, n large, for any sequence λn → λE in C∞ as n → ∞. We may assume
that the Reeb flow of λn is nondegenerate and then we can apply results from [29]
to obtain a global system of transversal sections for λn. For topological reasons,
this must be a 3 − 2 − 3 foliation. Such a foliation is the projection of a finite
energy foliation F˜n in the symplectization R × WE for suitable almost complex
structures J˜n = (λn, Jn) → J˜E = (λE , JE) in C∞ as n → ∞, where Jn and JE
are compatible complex structures on the contact structures kerλn and kerλE ,
respectively. Finally, we show that F˜n converges to a finite energy foliation F˜E for
J˜E which projects down to a 3 − 2 − 3 foliation on WE . Its restriction to SE is a
2 − 3 foliation. The compatible complex structure JE on kerλE is chosen so that
the hemispheres U1,E and U2,E of ∂SE are regular leaves of the foliation.
We start with the construction of the smooth 3-sphere WE . Let ϕ : (V ⊂
R
4, 0) → (U ⊂ R4, pc) be the symplectomorphism given in Hypothesis 1. In local
coordinates (q1, q2, p1, p2) ∈ V , ∂SE is the boundary of a topological embedded 3-
ball B≤E := {q1+p1 = 0, 0 ≤ K ≤ E} =
⋃
0≤K≤E N
0
K containing the saddle-center
at the origin in its interior, whereN0K is defined as in Lemma 1.4. Then SE∪ϕ(B≤E)
is a topological embedded 3-sphere in R4 which bounds a closed topological 4-ball
UE. Let U
′
E be a copy of UE . The boundary of U
′
E is a topological 3-sphere
∂U ′E = S
′
E ∪ ϕ(B′≤E), where S′E and B′≤E are copies of SE and B≤E , respectively.
In local coordinates, a point of UE is projected inside {q1+p1 ≥ 0}. Using the map
T : V → V , defined by
(2.1) T (q1, q2, p1, p2) := (−q1, q2,−p1, p2),
we identify the points of U ′E , in local coordinates, with points inside {q1+ p1 ≤ 0}.
Hence in these local coordinates, B′≤E = B≤E and, therefore, ∂S
′
E = ∂SE . Gluing
U ′E with UE by the identification B
′
≤E ∼ B≤E via the identity map, we obtain a
smooth 4-manifold
UE := U ′E
⊔
B′
≤E
∼B≤E
UE
with boundary
WE := S
′
E
⊔
∂SE∼∂S′E
SE
diffeomorphic to S3. See Figure 2.1. There exists a natural extension of T to WE .
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Since T ∗ω0 = ω0 and K ◦ T = K, the symplectic form ω0 and the Hamiltonian
function H naturally descend to UE both denoted by the same letters. In this way,
pc ∈ UE , ∀E > 0 small, and the Hamiltonian function K defined in (1.1) is a local
model for H near pc ∈ UE . Note that if 0 < E′ < E then we naturally have
the inclusion UE′ ⊂ UE . We denote by S′0 ⊂ UE the corresponding copy of S0 in
U ′E. Note that S
′
0 is a strictly convex singular subset of H
−1(0) and intersects S0
precisely at pc. In local coordinates near pc, S
′
0 projects inside {q1, p1 ≤ 0}. Let
W0 := S
′
0 ∪ S0.
S0 and S
′
0 are the boundary of closed subsets U0 ⊂ UE and U ′0 ⊂ U ′E , respectively,
both homeomorphic to the closed 4-ball.
SE
pc
S ′E
S ′
0
U ′E UE S0
ϕ(B≤E)
∂SE
Figure 2.1. This figure represents the construction of the 4-ball
UE = U ′E ⊔ UE , with boundary WE = S′E ⊔ SE diffeomorphic to
the 3-sphere, and W0 = S
′
0 ∪ S0.
In Section 3 we prove the following proposition.
Proposition 2.1. There exists E∗ > 0 such that if 0 < E < E∗, then there exists a
Liouville vector field YE defined in a neighborhood of WE in UE∗ which is transverse
toWE . Moreover, YE is invariant under the symmetry T defined in local coordinates
by (2.1), i.e., T∗YE = YE. The 1-form iYEω0 restricts to a tight contact form λE on
WE and its Reeb flow is a reparametrization of the Hamiltonian flow of H restricted
to WE . In local coordinates (q1, q2, p1, p2), λE coincides with the Liouville form
λ0 =
1
2
∑
i=1,2 pidqi − qidpi near ∂SE = {q1 + p1 = 0} ∩ K−1(E). There exists a
Liouville vector field X¯0 defined in a neighborhood of W˙0 = S˙0 ∪ S˙′0 := W0 \ {pc}
in UE∗ , transverse to W˙0, so that given any small neighborhood U0 ⊂ UE∗ of pc,
we have that YE = X¯0 outside U0, for all E > 0 sufficiently small. We denote by
λ¯0 = iX¯0ω0|W˙0 the induced contact form on W˙0.
It follows from Proposition 2.1 that the Hamiltonian flow of H restricted to WE
can be studied using all the tools and results coming from the theory of pseudo-
holomorphic curves in symplectizations developed for Reeb flows on the tight 3-
sphere. For definitions, see Appendix A.
Let P ⊂WE be an unknotted periodic orbit of λE . We say that a periodic orbit
P ′ ⊂WE , P ′ geometrically distinct from P , is linked to P if
0 6= [P ′] ∈ H1(WE \ P,Z) ≃ Z.
Otherwise, we say that P ′ is not linked to P .
In Section 4 we prove the following proposition.
Proposition 2.2. If E > 0 is sufficiently small then the following holds: let λn
be a sequence of contact forms on WE so that λn → λE in C∞ as n → ∞, where
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λE is given by Proposition 2.1. If n is sufficiently large then the Reeb flow of λn
on WE admits only one periodic orbit P2,n with Conley-Zehnder index 2, which
is unknotted, hyperbolic and converges to P2,E as n → ∞. Moreover, all other
periodic orbits of λn have Conley-Zehnder index ≥ 3 and the periodic orbits with
Conley-Zehnder index equal to 3 are not linked to P2,n.
Remark 2.3. Taking the constant sequence λn = λE , ∀n, we see that if E > 0 is
sufficiently small then all conclusions of Proposition 2.2 also hold for λE .
From now on we fix E > 0 sufficiently small so that the conclusions of Proposi-
tions 2.1 and 2.2 hold.
Now we are in position to apply results from [29]. Motivated by Proposition 2.2
we focus our attention on weakly convex contact forms as in the following definition.
Definition 2.4 (Hofer-Wysocki-Zehnder). A tight contact form λ on a 3-manifold
M diffeomorphic to the 3-sphere is called weakly convex if all of its periodic orbits
have Conley-Zehnder index ≥ 2.
Definition 2.5. Let λ be a weakly convex tight contact form on a 3-manifold M
diffeomorphic to the 3-sphere. A global system of transversal sections adapted to λ
is a singular foliation F of M with the following properties:
• The singular set of F is formed by a set P of finitely many unknotted
periodic orbits of the Reeb flow of λ, called the binding orbits of F , so that
all periodic orbits in P have Conley-Zehnder index either 2 or 3.
• F \P consists of embedded punctured spheres foliating M \⋃P∈P P , which
are either planes or cylinders. The closure cl(F ) of each leaf F ∈ F\P is an
embedded sphere with either one or two open disks removed. Its boundary
components are distinct elements of P and are called the asymptotic limits
of F . One may have the following possibilities:
(i) F has only one asymptotic limit with Conley-Zehnder index 3. These
leaves appear in a one parameter family of leaves with the same as-
ymptotic limit. This family is called a one parameter family of planes.
(ii) F has one asymptotic limit with Conley-Zehnder index 3 and one as-
ymptotic limit with Conley-Zehnder index 2. F is called a rigid cylin-
der.
(iii) F has only one asymptotic limit with Conley-Zehnder index 2. F is
called a rigid plane.
• The Reeb vector field Xλ is transverse to each leaf in F \ P.
As we shall see below in Theorem 2.7, the existence of a global system of transver-
sal sections F adapted to a weakly convex tight contact form λ on M , diffeomor-
phic to the 3-sphere, depends on the choice of an extra structure. In fact, the
contact structure ξ = kerλ is a trivial symplectic bundle over M and the space
of dλ-compatible complex structures J : ξ → ξ, denoted by J (λ), is non-empty
and contractible in the C∞-topology. For each J ∈ J (λ), the pair (λ, J) deter-
mines a natural almost complex structure J˜ : TW → TW in the symplectization
W := R×M of M and one can talk about pseudo-holomorphic punctured spheres
u˜ = (a, u) : (S2 \ Γ, j) → (W, J˜) satisfying J˜(u˜) ◦ du˜ = du˜ ◦ j and having finite
energy 0 < E(u˜) < ∞. Here (S2, j) is the Riemann sphere and Γ ⊂ S2 is a finite
set of punctures. We may use the notation J˜ = (λ, J). See Appendix A for details.
A non-removable puncture z ∈ Γ is either positive or negative, meaning that either
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a → +∞ or a → −∞ at z, respectively. If λ is nondegenerate then there exists a
periodic orbit Pz of the Reeb flow of λ so that u˜ is asymptotic to Pz at z. Pz is
called the asymptotic limit of u˜ at z ∈ Γ. Its Conley-Zehnder index is denoted by
CZ(Pz). We define the Conley-Zehnder index of u˜ by
CZ(u˜) =
∑
z∈Γ+
CZ(Pz)−
∑
z∈Γ−
CZ(Pz),
where Γ = Γ+∪Γ− is the decomposition of Γ according to the sign of the punctures.
The global system of transversal sections F adapted to λ is thus obtained as the
projection onto M of a stable finite energy foliation F˜ of the symplectization W =
R×M as in Definition 2.6 below. Each leaf of F˜ is the image of an embedded finite
energy pseudo-holomorphic punctured sphere associated to the pair J˜ = (λ, J).
Definition 2.6 (Hofer-Wysocki-Zehnder). Let λ be a weakly convex tight contact
form on a manifold M diffeomorphic to the 3-sphere, and J ∈ J (λ). A stable finite
energy foliation for J˜ = (λ, J) is a smooth foliation F˜ of R×M with the following
properties:
• Each leaf F˜ ∈ F˜ is the image of an embedded finite energy pseudo-holomorphic
curve u˜ : S2 \ Γ→ R×M , where R×M is equipped with the almost com-
plex structure J˜ = (J, λ). The asymptotic limits of F˜ are defined to be the
asymptotic limits of u˜ at its punctures. We define Fred(F˜ ) := Fred(u˜),
where
Fred(u˜) := CZ(u˜)− 2 + #Γ
is the Fredholm index of u˜. Fred(u˜) represents the local dimension of the
space of unparametrized pseudo-holomorphic curves near u˜ with the same
asymptotic limits. Fred(F˜ ) does not depend on the choice of u˜.
• There exists a uniform constant C > 0 such that 0 < E(u˜) < C for all
embedded finite energy curves u˜ : S2 \ Γ → R ×M satisfying u˜(S2 \ Γ) =
F˜ ∈ F˜ , where E(u˜) denotes the energy of u˜.
• For all F˜1, F˜2 ∈ F˜ and c ∈ R, either Tc(F˜1)∩ F˜2 = ∅ or Tc(F˜1) = F˜2, where
Tc(a, z) = (a+ c, z), ∀(a, z) ∈ R×M .
• All the asymptotic limits of F˜ are unknotted periodic orbits and have Conley-
Zehnder index either 2 or 3.
• If u˜ = (a, u) : S2 \ Γ → R ×M is an embedded finite energy curve such
that u˜(S2 \ Γ) = F˜ ∈ F˜ , then u˜ has precisely one positive puncture. If
Tc(F˜ ) ∩ F˜ = ∅, ∀c 6= 0, then Fred(u˜) ∈ {1, 2} and u is an embedding,
transverse to the Reeb vector field. If Tc(F˜ ) = F˜ , ∀c, then Fred(u˜) = 0 and
u˜ is a cylinder over a periodic orbit.
See Appendix A for missing definitions.
It follows that each leaf F˜ of a finite energy foliation must have one of the
following types:
• F˜ has one positive puncture with Conley-Zehnder index 3 and no negative
punctures. In this case Fred(F˜ ) = 2.
• F˜ has one positive puncture with Conley-Zehnder index 2 and no negative
punctures. In this case Fred(F˜ ) = 1.
• F˜ has one positive puncture with Conley-Zehnder index 3 and one negative
puncture with Conley-Zehnder index 2. In this case Fred(F˜ ) = 1.
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• F˜ has a positive puncture and a negative puncture with the same asymp-
totic limit. It satisfies Tc(F˜ ) = F˜ , ∀c ∈ R, i.e., F˜ = R × P , where P ⊂ M
is an unknotted periodic orbit. In this case Fred(F˜ ) = 0.
The existence of a stable finite energy foliation for generic almost complex struc-
tures J˜ = (λ, J) is given in Theorem 2.7 below. Denote by p : R ×M → M the
projection onto the second factor.
Theorem 2.7. [29, Theorem 1.6, Proposition 1.7 and Corollary 1.8] Let λ be a
nondegenerate weakly convex tight contact form on a 3-manifold M diffeomorphic
to the 3-sphere. There exists a dense subset Jreg(λ) ⊂ J (λ), in the C∞-topology,
such that if J ∈ Jreg(λ) then the pair J˜ = (λ, J) admits a stable finite energy
foliation F˜ . The projection F := p(F˜) is a global system of transversal sections
adapted to λ. Denote by P the set of binding orbits of F . We have
i) The binding orbits of F with Conley-Zehnder index 2 are hyperbolic and
those having Conley-Zehnder index 3 are either hyperbolic or elliptic.
ii) There exists at least one binding orbit with Conley-Zehnder index 3 and
if P3 is one such binding orbit then F contains at least a one parameter
family of planes asymptotic to P3.
iii) If P = {P} contains only one periodic orbit P then P has Conley-Zehnder
index 3 and F \P consists of an S1-family of planes asymptotic to P which
foliates M \ P . In this case we say that P is the binding orbit of an open
book decomposition with disk-like pages adapted to λ. Moreover, each page
is a global surface of section for the Reeb flow of λ.
iv) If P contains an orbit P2 with Conley-Zehnder index 2 then F contains a
pair of rigid planes U1, U2 both asymptotic to P2 so that U := U
1 ∪ P2 ∪
U2 is a topological embedded 2-sphere which separates M in two disjoint
components M1∪˙M2 = M \ U . In each Mi, i = 1, 2, there exists a binding
orbit P3,i with Conley-Zehnder index 3 and a rigid cylinder V
i asymptotic
to P3,i and P2. If Mi contains no binding orbit with Conley-Zehnder index
2, then P3,i is the only binding orbit in Mi and F contains a one parameter
family of planes Diτ , τ ∈ (0, 1), all of them asymptotic to P3,i, which foliates
Mi\(P3,i∪V i). Diτ converges to U1∪P2∪V i as τ → 0+ and to U2∪P2∪V i as
τ → 1−. Moreover, λ admits a homoclinic orbit to P2 in Mi. In particular,
if F contains precisely one binding orbit with Conley-Zehnder index 2 then
F contains precisely three binding orbits P3, P2, P ′3 with Conley-Zehnder
indices 3, 2, 3, respectively, and F is called a 3− 2− 3 foliation adapted to
λ.
In [29], a more general theorem is proved under much weaker assumptions. In
fact, it only requires λ to be nondegenerate and tight. In this case the global system
of transversal sections may also have periodic orbits with Conley-Zehnder index 1
as binding orbits. As mentioned before, we are only interested in the weakly convex
case.
We start the construction of a global system of transversal sections adapted to
λE on WE by choosing a special complex structure JE ∈ J (λE) as in the following
proposition proved in Section 5.
Proposition 2.8. If E > 0 is sufficiently small, then there exists JE ∈ J (λE)
so that the almost complex structure J˜E = (λE , JE) on the symplectization R ×
WE admits a pair of finite energy planes u˜1,E = (a1,E , u1,E), u˜2,E = (a2,E , u2,E) :
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C→ R×WE and their projections u1,E(C), u2,E(C) into WE are, respectively, the
hemispheres U1,E , U2,E ⊂ ∂SE defined in local coordinates by (1.5), both asymptotic
to the hyperbolic periodic orbit P2,E.
In order to apply Theorem 2.7, we may need to perturb the contact form λE
and the complex structure JE to achieve the required generic hypotheses. So we
take a sequence of nondegenerate contact forms λn = fnλE , fn : WE → (0,∞)
smooth ∀n, and a sequence of complex structures Jn ∈ Jreg(λn) ⊂ J (λn) = J (λE)
satisfying fn → 1 and Jn → JE in C∞ as n→∞. The existence of fn follows from
Proposition 6.1 in [28]. If E > 0 is sufficiently small and n is sufficiently large then,
by Proposition 2.2, λn is weakly convex and contains precisely one periodic orbit
with Conley-Zehnder index 2 which is not linked to any periodic orbit with Conley-
Zehnder index 3. From Theorem 2.7, the pair J˜n = (λn, Jn) admits a stable finite
energy foliation F˜n, which projects onto a global system of transversal sections Fn
adapted to λn. From the description of Fn given in Theorem 2.7, we conclude that
Fn is a 3−2−3 foliation of WE adapted to λn. In Section 6 we prove the following
proposition.
Proposition 2.9. If E > 0 is sufficiently small, then the following holds:
i) There exist a sequence of nondegenerate weakly convex contact forms λn
on WE satisfying kerλn = kerλE , ∀n, λn → λE in C∞ as n → ∞ and a
sequence of dλE-compatible complex structures Jn ∈ Jreg(λn) ⊂ J (λE) sat-
isfying Jn → JE in C∞ as n→∞ so that for all n sufficiently large, J˜n =
(λn, Jn) admits a stable finite energy foliation F˜n of R×WE which projects
in WE onto a 3 − 2− 3 foliation Fn adapted to λn. Let P3,n, P2,n, P ′3,n be
the nondegenerate binding orbits of Fn with Conley-Zehnder indices 3, 2, 3,
respectively. Then P2,n → P2,E as n → ∞ and there exist unknotted pe-
riodic orbits P3,E ⊂ S˙E and P ′3,E ⊂ S˙′E of λE , both with Conley-Zehnder
index 3, such that P3,n → P3,E and P ′3,n → P ′3,E in C∞ as n→∞.
ii) After changing coordinates with suitable contactomorphisms C∞-close to
the identity map, we can assume that P3,n = P3,E , P2,n = P2,E , P
′
3,n = P
′
3,E
as point sets in WE for all large n, and that there are sequences of constants
c3,n, c
′
3,n, c2,n → 1 as n→∞ such that
λn|P3,E = c3,nλE |P3,E ,
λn|P ′3,E = c′3,nλE |P ′3,E ,
λn|P2,E = c2,nλE |P2,E .
Proposition 2.9 provides candidates P3,E , P2,E , P
′
3,E for the binding orbits of a
3 − 2 − 3 foliation adapted to λE . For each n, the stable finite energy foliation
F˜n contains the following finite energy pseudo-holomorphic curves associated to
J˜n = (λn, Jn):
• A pair of rigid planes u˜1,n = (a1,n, u1,n), u˜2,n = (a2,n, u2,n) : C→ R×WE ,
both asymptotic to P2,n. The topological embedded 2-sphere u1,n(C) ∪
P2,n ∪ u2,n(C) separates WE in two components denoted by S˙n and S˙′n,
which contain P3,n and P
′
3,n, respectively.
• A pair of rigid cylinders v˜n = (bn, vn), v˜′n = (b′n, v′n) : R × S1 → R ×WE
with vn(R× S1) ⊂ S˙n \ P3,n and v′n(R× S1) ⊂ S˙′n \ P ′3,n, v˜n asymptotic to
P3,n and P2,n, and v˜
′
n asymptotic to P
′
3,n and P2,n.
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• Smooth one parameter families w˜τ,n = (dτ,n, wτ,n), w˜′τ,n = (d′τ,n, w′τ,n) :
C→ R×WE , τ ∈ (0, 1), with w˜τ,n asymptotic to P3,n, Dτ,n = wτ,n(C), τ ∈
(0, 1), foliating S˙n\(vn(R×S1)∪P3,n), w˜′τ,n asymptotic to P ′3,n and D′τ,n =
w′τ,n(C), τ ∈ (0, 1), foliating S˙′n \ (v′n(R× S1) ∪ P ′3,n).
Our last and hardest step is to show that F˜n converges as n→∞ to a stable finite
energy foliation F˜E associated to J˜E = (λE , JE) so that the projection FE = p(F˜E)
is a 3−2−3 foliation ofWE adapted to λE containing P3,E , P2,E and P ′3,E as binding
orbits and the hemispheres U1,E and U2,E as regular leaves. We prove
Proposition 2.10. If E > 0 is sufficiently small, then the following holds. Let F˜n
be the stable finite energy foliation on R ×WE associated to J˜n = (λn, Jn) as in
Proposition 2.9, which contains the curves u˜1,n, u˜2,n, v˜n, v˜
′
n, w˜τ,n, w˜
′
τ,n, τ ∈ (0, 1), as
above, and projects onto a 3− 2− 3 foliation Fn adapted to λn on WE with binding
orbits P3,n, P2,n, P
′
3,n. Then, up to suitable reparametrizations and R-translations
of such J˜n-holomorphic curves, we have:
i) u˜i,n → u˜i,E , i = 1, 2, in C∞loc as n → ∞, where u˜i,E are the rigid planes
obtained in Proposition 2.8. Given a small neighborhood U ⊂WE of ∂SE =
u1,E(C) ∪ P2,E ∪ u2,E(C), there exists n0 ∈ N so that if n ≥ n0, then
u1,n(C) ∪ P2,n ∪ u2,n(C) ⊂ U .
ii) There exist finite energy J˜E-holomorphic embedded cylinders v˜E = (bE , vE),
v˜′E = (b
′
E , v
′
E) : R × S1 → R × WE, with vE and v′E embeddings, v˜E
asymptotic to P3,E and P2,E, v˜
′
E asymptotic to P
′
3,E and P2,E at their
punctures, respectively, so that v˜n → v˜E and v˜′n → v˜′E in C∞loc as n → ∞.
We denote VE = vE(R× S1) and V ′E = v′E(R× S1). Then VE ⊂ S˙E \ P3,E
and V ′E ⊂ S˙′E\P ′3,E. Given small neighborhoods U ⊂WE of VE∪P2,E∪P3,E
and U ′ ⊂ WE of V ′E ∪ P2,E ∪ P ′3,E , there exists n0 ∈ N so that if n ≥ n0,
then vn(R× S1) ⊂ U and v′n(R× S1) ⊂ U ′.
iii) There exist smooth one parameter families of J˜E-holomorphic embedded
planes w˜τ,E = (dτ,E , wτ,E), w˜
′
τ,E = (d
′
τ,E , w
′
τ,E) : C → R × WE, τ ∈
(0, 1), with wτ,E and w
′
τ,E embeddings, w˜τ,E asymptotic to P3,E, Dτ,E =
wτ,E(C), τ ∈ (0, 1), foliating S˙E \ (VE ∪ P3,E), w˜′τ,E asymptotic to P ′3,E
and D′τ,E = w
′
τ,E(C), τ ∈ (0, 1), foliating S˙′E \ (V ′E ∪ P ′3,E). Given small
neighborhoods U1,U2 ⊂ WE of P3,E ∪ VE ∪ P2,E ∪ U1,E and P3,E ∪ VE ∪
P2,E ∪ U2,E, respectively, we find 0 < τ1 < τ2 < 1 so that if τ ∈ (0, τ1)
then Dτ,E ⊂ U1 and if τ ∈ (τ2, 1) then Dτ,E ⊂ U2. An analogous statement
holds for the family D′τ,E , τ ∈ (0, 1). Moreover, given p0 ∈ S˙E \(VE∪P3,E),
we find a sequence τn ∈ (0, 1) and τ¯ ∈ (0, 1) so that p0 ∈ wτn,n(C) for each
large n, p0 ∈ wτ¯ ,E(C) and w˜τn,n → w˜τ¯ ,E in C∞loc as n→∞. An analogous
statement holds if p0 ∈ S˙′E \ (V ′E ∪ P ′3,E).
The curves u˜1,E, u˜2,E, v˜E , v˜
′
E , w˜τ,E , w˜
′
τ,E , τ ∈ (0, 1), and the cylinders over P3,E ,
P2,E and P
′
3,E determine a stable finite energy foliation F˜E adapted to J˜E =
(λE , JE), which projects to a 3 − 2 − 3 foliation FE adapted to λE on WE , with
binding orbits P3,E , P2,E and P
′
3,E. In particular, the 3−2−3 foliation FE adapted
to λE on WE restricts to a 2− 3 foliation adapted to SE.
The proofs of Proposition 2.10-i), ii) and iii) are left to Sections 7, 8 and 9,
respectively. Now the proof of Theorem 1.9 is complete, remaining only to prove
SYSTEMS OF TRANSVERSAL SECTIONS NEAR CRITICAL ENERGY LEVELS 21
Propositions 2.1, 2.2, 2.8, 2.9 and 2.10 above. This is accomplished in the next
sections. The existence of homoclinics to P2,E is discussed below.
The 2− 3 foliation adapted to SE obtained in Proposition 2.10 and an argument
found in [29, Proposition 7.5] imply the existence of at least one homoclinic orbit to
P2,E in S˙E (see also [7] for a similar argument). We include it here for completeness.
Consider the one parameter family of disks Dτ,E for τ ∈ (0, 1), which foliates
SE \ (∂SE∪VE ∪P3,E). The local branch ofWuE,loc intersects Dτ,E transversally for
all τ > 0 small in an embedded circle Cuτ,0 which encloses an embedded closed disk
Buτ,0 ⊂ Dτ,E with dλE -area T2,E > 0. In the same way, the local branch of W sE,loc
intersects Dτ ′,E transversally for all τ
′ < 1 sufficiently close to 1 in an embedded
circle Csτ ′ which encloses an embedded closed disk B
s
τ ′ ⊂ Dτ ′,E with the same area
T2,E.
The existence of the 2 − 3 foliation adapted to SE implies that the forward
flow sends Buτ,0, τ close to 0, into a disk B1 inside Dτ ′,E for any τ
′ close to 1.
If B1 intersects B
s
τ ′ then, since both disks have the same area, their boundaries
also intersect and a homoclinic to P2,E must exist. Otherwise, B1 is contained
in Dτ ′,E \ Bsτ ′ . The forward flow sends B1 into a disk Buτ,1 ⊂ Dτ,E which, by
uniqueness of solutions, must be disjoint from Buτ,0. Its area is preserved by the
flow and hence equals T2,E. Arguing in the same way, the forward flow sends B
u
τ,1
into a disk B2 ⊂ Dτ ′,E which is disjoint from B1 and has area T2,E . If B2 intersects
Bsτ ′ then, as before, a homoclinic to P2,E must exist. Otherwise, B2 is contained
in Dτ ′,E \ (Bsτ ′ ∪B1) and the forward flow sends B2 into a disk Buτ,2 ⊂ Dτ,E which
is disjoint from Buτ,0 ∪Buτ,1 and has area T2,E . Analogously we construct the disks
Bn ⊂ Dτ ′,E and Buτ,n ⊂ Dτ,E using the forward flow and the 2− 3 foliation. This
procedure must terminate at some point since all disks Buτ,i are disjoint and have
the same positive area T2,E while the area of Dτ,E is finite and equal to T3,E. This
forces the existence of a positive integer n <
T3,E
T2,E
so that Bn intersects B
s
τ ′ and
hence a homoclinic to P2,E must exist.
Some works on homoclinics to saddle-centers are found in [1, 3, 5, 6, 7, 8, 13, 14,
19, 38, 41] and references therein.
Remark 2.11. In [17], J. Fish and R. Siefring construct stable finite energy folia-
tions for connected sums of contact 3-manifolds with prescribed stable finite energy
foliations. The local model for this surgery looks like a saddle-center model and
the new foliation admits an additional hyperbolic orbit P with Conley-Zehnder in-
dex 2 as a binding orbit, two new rigid planes asymptotic to P , and two leaves
with additional negative punctures asymptotic to P . Some generic conditions are
required.
3. Proof of Proposition 2.1
In this section we prove Proposition 2.1. We restate it for clearness.
Proposition 3.1. There exists E∗ > 0 such that if 0 < E < E∗, then there
exists a Liouville vector field YE defined on a neighborhood of WE in UE∗ which is
transverse to WE. Moreover, YE is invariant under the symmetry T defined in local
coordinates by (2.1), i.e., T∗YE = YE . In particular, the 1-form iYEω0 restricts to
a tight contact form λE on WE and its Reeb flow is a reparametrization of the
Hamiltonian flow of H restricted to WE. In local coordinates (q1, q2, p1, p2), λE
coincides with the Liouville form λ0 =
1
2
∑
i=1,2 pidqi−qidpi near ∂SE = {q1+p1 =
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0} ∩K−1(E). There exists a Liouville vector field X¯0 defined in a neighborhood of
W˙0 = S˙0 ∪ S˙′0 := W0 \ {pc} in UE∗ , transverse to W˙0, so that given any small
neighborhood U0 ⊂ UE∗ of pc, we have that YE = X¯0 outside U0, for all E > 0
sufficiently small. We denote by λ¯0 = iX¯0ω0|W˙0 the induced contact form on W˙0.
We keep using the notation established in Section 2. We start with a few defini-
tions.
Definition 3.2. A Liouville vector field defined on an open subset U ⊂ W of a
symplectic manifold (W,ω) is a vector field Y on U satisfying LY ω = ω, where L is
the Lie derivative. Given a regular hypersurface S ⊂W , we say that S is of contact
type if there exists a Liouville vector field Y defined on an open neighborhood of S
in W such that Y is everywhere transverse to S.
Let us fix the dimension of the symplectic manifold (W,ω) to be equal to 4. It
is immediate to verify from the definition above that the 1-form λ := iY ω|S is a
contact form on S, i.e., λ ∧ dλ 6= 0. The Reeb vector field associated to a contact
form λ is the vector field Xλ on S uniquely determined by
iXλdλ = 0 and iXλλ = 1.
Recall that R4 is equipped with the standard symplectic structure
ω0 =
2∑
i=1
dyi ∧ dxi.
Then the radial vector field Y (z) := 12z is a Liouville vector field on R
4 and the
Liouville form
λ0 := iY ω0 =
1
2
2∑
i=1
yidxi − xidyi
is a primitive of ω0, i.e., dλ0 = ω0. Thus any hypersurface S ⊂ R4, star-shaped
with respect to the origin 0 ∈ R4, is of contact type and λ0|S is a contact form on S.
Its Reeb vector field coincides up to a non-vanishing factor with the Hamiltonian
vector field on S associated to any Hamiltonian function admitting S as a regular
energy level.
The contact structure induced by a contact form λ on a 3-manifold M is the
non-integrable hyperplane distribution
ξ := kerλ ⊂ TM.
The contact structure ξ is called overtwisted if there exists an embedded disk D →֒
M such that Tz∂D ⊂ ξz and TzD 6= ξz for all z ∈ ∂D. Otherwise it is called tight.
Now we start the proof of Proposition 3.1. In order to prove that WE = ∂UE is
of contact type if E > 0 is sufficiently small, we construct a Liouville vector field
YE near WE and prove that YE is transverse to WE .
Let U0 ⊂ UE be the closed set, homeomorphic to the closed 4-ball, so that
∂U0 = S0. For simplicity, we may view U0 as a subset of R
4. Let
(3.1) X0(w) =
w − w0
2
be the Liouville vector field with respect to ω0, where w0 ∈ U0 \ S0. The point w0
will be determined below. Since S0 is a strictly convex singular subset of H
−1(0),
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X0 is transverse to S˙0, see Remark 1.7. This implies that X0 is transverse to SE
outside a fixed neighborhood of pc for all E > 0 sufficiently small.
Now let us denote by ϕ : (V ⊂ R4, 0) → (U ⊂ R4, pc) the symplectomorphism
as in Hypothesis 1. In local coordinates z = (q1, q2, p1, p2) ∈ V , the Hamiltonian
function takes the form
K(z) = K¯(I1, I2) = −αI1 + ωI2 +R(I1, I2),
where I1 = q1p1, I2 =
q22+p
2
2
2 and R(I1, I2) = O(I
2
1 + I
2
2 ).
Let C(I1, I2, E) := K¯(I1, I2)−E. Notice that C(0, 0, 0) = 0. Since ∂I2C(0, 0, 0) =
ω 6= 0, we find a function I2 = I2(I1, E) such that C(I1, I2(I1, E), E) = 0, ∀(I1, E)
in a neighborhood of 0 ∈ R2. A direct computation shows that
(3.2) I2(I1, E) =
α
ω
I1 +
1
ω
E +O(I21 + E
2).
The lemma below is crucial for proving Proposition 3.1.
Lemma 3.3. The following inequalities holds.
(i) If |I1| and E ≥ 0 are small enough, then
(3.3) I1∂I1K¯ + I2∂I2K¯ ≥
E
2
+O(I21 ).
(ii) If I1 ≤ 0, z ∈ Bδ0(0) ∩K−1(E), E > 0, with δ0 > 0 small enough, then
(3.4) I1∂I1K¯ + I2∂I2K¯ > 0.
(iii) If z ∈ Bδ0(0) ∩K−1(E), E < 0, with δ0 > 0 small enough, then
(3.5) I1∂I1K¯ + I2∂I2K¯ ≥ O(I1).
Proof. If |I1| and E ≥ 0 are small enough, then we obtain
I1∂I1K¯ + I2∂I2K¯ = I1(−α+ ∂I1R) + I2(ω + ∂I2R)
= E −R+ I1∂I1R+ I2∂I2R
= E +O(I21 + I
2
2 )
= E +O(I21 + E
2)
≥ E
2
+O(I21 ),
proving (i).
First observe that |z| small implies |I1| and |I2| small. If I1 ≤ 0, z ∈ Bδ0(0) ∩
K−1(E), E > 0, with δ0 > 0 small enough, then
I1∂I1K¯ + I2∂I2K¯ =− αI1 + ωI2 + I1∂I1R+ I2∂I2R
=− αI1 + ωI2 +O(I21 + I22 )
>0.
Notice that if I1 = 0 and E > 0 then I2 > 0. This proves (ii).
To prove (iii), observe that
I1∂I1K¯ + I2∂I2K¯ =− αI1 + ωI2 +O(I21 + I22 )
>
ω
2
I2 +O(I1)
≥O(I1),
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if z ∈ Bδ0(0) ∩K−1(E), E < 0, with δ0 > 0 small enough. See that if E < 0 and
I2 = 0, then I1 > 0. 
We can also write
(3.6) I1 = I1(I2, E) =
ω
α
I2 − 1
α
E +O(I22 + E
2),
for sufficiently small neighborhood of (I2, E) = 0 ∈ R2. In this case we have
(3.7)
(q1 + p1)
2 =q21 + p
2
1 + 2
(
ω
α
I2 − 1
α
E
)
+O(I22 + E
2)
≥min
{ω
α
, 1
}
|z|2 − 2E
α
+O(|z|4 + E2)
≥min
{ω
α
, 1
} |z|2
2
− 4E
α
≥min
{ω
α
, 1
} |z|2
4
,
if |z| is sufficiently small and 0 < E < cˆ|z|2, where cˆ = α16 min
{
ω
α , 1
}
> 0 is a fixed
small constant. This implies that if δ0 > 0 is fixed sufficiently small then
(3.8) δ0 ≥ |z| ≥ δ0
2
⇒ q1 + p1 ≥ δ0
c2
,
for all z ∈ Bδ0(0) ∩ {q1 + p1 ≥ 0} ∩K−1(E) and E > 0 sufficiently small, where
(3.9) c2 =
4√
min{ωα , 1}
≥ 4.
We have proved the following lemma.
Lemma 3.4. For all fixed δ0 > 0 sufficiently small, implication (3.8) holds for z ∈
Bδ0(0) ∩ {q1 + p1 ≥ 0} ∩K−1(E), where 0 < E < cˆ|z|2 and cˆ = α16 min
{
ω
α , 1
}
> 0.
Let us assume that w0 ∈ U and denote z0 = ϕ−1(w0) ∈ V . Let Y˜0 = ϕ−1∗ X0 be
the Liouville vector field on V , where X0 is given as in (3.1). Although Y˜0 is not
necessarily radial with respect to z0, it satisfies
Y˜0(z) =
z − z0
2
+Rz0(z),
where
(3.10) |Rz0(z)| ≤ c|z − z0|2,
for a constant c > 0 which does not depend on z0, if both z and z0 lie on Bδ0(0) =
{|z| ≤ δ0} ⊂ V , for δ0 > 0 small.
Let
Y0(z) =
z − z0
2
be the radial Liouville vector field on Bδ0(0). Notice that
(3.11)
d(iRz0ω0) =d(iY˜0ω0 − iY0ω0)
=LY˜0ω0 − LY0ω0
=ω0 − ω0
=0
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Since Bδ0(0) is simply connected, equation (3.11) implies that
(3.12) iRz0ω0 = −dGz0
for a smooth function Gz0 : Bδ0(0) → R. Observe that Rz0 = Y˜0 − Y0 is the
Hamiltonian vector field associated to Gz0 . From (3.12) we see that
(3.13)
∂Gz0
∂qi
= −ni and ∂Gz0
∂pi
= mi,
i = 1, 2, where Rz0(z) =
∑
i=1,2mi(z)∂qi + ni(z)∂pi . The functions mi, ni, i = 1, 2,
depend on z0 and satisfy
(3.14) |mi(z)|, |ni(z)| ≤ c|z − z0|2,
for all z, z0 ∈ Bδ0(0), where c > 0 is a constant which does not depend on z0.
From (3.13) and (3.14), we have
|∇Gz0(z)| ≤ 4c|z − z0|2,
and therefore, assuming that Gz0(z0) = 0, we get
(3.15)
|Gz0(z)| =
∣∣∣∣∫ 1
0
∇Gz0(z0 + s(z − z0)) · (z − z0)ds
∣∣∣∣
≤|z − z0|
∫ 1
0
4cs2|z − z0|2ds
=
4c
3
|z − z0|3,
for all z, z0 ∈ Bδ0(0), with δ0 > 0 sufficiently small.
We choose a cut-off function f : [0,∞)→ [0, 1] satisfying f(t) = 1 if t ∈ [0, δ13 ],
f(t) = 0 if t ≥ 2δ13 , and − 6δ1 < f ′(t) < 0 if t ∈
(
δ1
3 ,
2δ1
3
)
, where 0 < δ1 :=
δ0
c2
, c2 > 0
defined in (3.9). This implies that
(3.16) 0 ≤ 1− f(t) ≤ 6
δ1
t, ∀t ≥ 0,
and
(3.17) |f ′(t)| ≤ 18
δ21
t, ∀t ≥ 0.
Our first step is to interpolate the Liouville vector fields Y0 and Y˜0 so that we get
a new Liouville vector field Y defined on Bδ0(0)∩{q1+p1 ≥ 0}, δ0 > 0 small, which
coincides with Y0 on B δ1
6
(0) ∩ {q1 + p1 ≥ 0} and with Y˜0 on
(
Bδ0(0) \B δ0
2
(0)
)
∩
{q1+p1 ≥ 0}. Then we show that Y is transverse to {q1+p1 ≥ 0}∩Bδ0(0)∩K−1(E),
if E > 0 is sufficiently small. The choice of δ16 above is due to the fact that |z| < δ16
implies q1+p1 <
δ1
3 . In the same way, we can use (3.8) to see that if δ0 > 0 is chosen
small enough, then δ0 ≥ |z| ≥ δ02 implies q1 + p1 ≥ δ1 for all E > 0 sufficiently
small.
In order to do that, define
(3.18) Y := Y˜0 − YfGz0 ,
where YfGz0 is the Hamiltonian vector field on {q1 + p1 ≥ 0} ∩ Bδ0(0) associated
to the function KfGz0 (z) := f(q1 + p1)Gz0(z), z = (q1, q2, p1, p2), and defined by
iYfGz0 ω0 = −dKfGz0 .
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Since LYfGz0 ω0 = 0 and Y˜0 is Liouville with respect to ω0, we get LY ω0 = ω0,
and therefore Y is Liouville with respect to ω0 as well.
It remains to show that Y is transverse to SE in local coordinates, if E > 0 is
sufficiently small. Let
z0 =
1√
2
(δ0, 0, δ0, 0).
Notice that YfGz0 = Gz0Yf +KfRz0 , with Yf defined by iYfω0 = −dKf , where
Kf(z) = f(q1 + p1). We compute
(3.19)
dK · Y =dK · Y˜0 −KfdK · Rz0 −Gz0dK · Yf
=(1−Kf )dK · Rz0 + dK · Y0 −Gz0dK · Yf .
We begin by estimating the first term of the last line of equation (3.19).
Lemma 3.5. There exists a constant A1 > 0 such that for all δ0 > 0 sufficiently
small and z ∈ {q1 + p1 ≥ 0} ∩Bδ0(0) we have
(3.20) |(1−Kf)dK ·Rz0(z)| ≤ A1δ20(q1 + p1).
Proof. First observe that |dK(z)| ≤ c0|z| for some constant c0 > 0 and z ∈ Bδ0(0),
for δ0 > 0 small. Now we use that δ1 =
δ0
c2
, |z0| = δ0 > 0 and |z − z0|2 ≤
|z|2 + 2|z|δ0 + δ20 . From (3.10) and (3.16) we have
(3.21)
|(1 −Kf)dK(z) · Rz0(z)| ≤
6c0c
δ1
|z||z − z0|2(q1 + p1)
≤6c0cc2
δ0
|z|(|z|2 + 2|z|δ0 + δ20)(q1 + p1)
≤24c0cc2δ20(q1 + p1),
for all z ∈ {q1 + p1 ≥ 0} ∩Bδ0(0). Let A1 = 24c0cc2. 
Regarding the second term of (3.19), we observe that
(3.22) dK · Y0(z) = dK · 1
2
(z − z0) = I1∂I1K¯ + I2∂I2K¯ + (q1 + p1)
δ0α¯
2
√
2
,
where α¯ = −∂I1K¯ = α− ∂I1R. Then we obtain the estimate below.
Lemma 3.6. We have
(i) For all δ0 > 0 sufficiently small, the following holds: if 0 6= z ∈ Bδ0(0) ∩
{q1 + p1 ≥ 0} ∩ {E ≥ 0} then
(3.23) dK · Y0(z) > (q1 + p1) δ0α
8
√
2
.
(ii) For any fixed δ0 > 0 small, there exists δ0 ≫ δ¯0 > 0 depending on δ0 such
that if z ∈ Bδ¯0(0) ∩ {q1 + p1 ≥ 0} ∩ {E < 0} then
(3.24) dK · Y0(z) > (q1 + p1) δ0α
8
√
2
.
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Proof. Taking |z| sufficiently small we can assume that α2 < α¯ < 2α. To prove
(i) we assume first that E > 0. If I1 > 0 then q1, p1 > 0 since q1 + p1 ≥ 0 and,
therefore, from Lemma 3.3-(i) and (3.22) we get
dK · Y0(z) >(q1 + p1) δ0α
4
√
2
+O(I21 )
>(q1 + p1)
δ0α
8
√
2
,
if δ0 > 0 is small enough and z ∈ Bδ0(0) ∩ {q1 + p1 ≥ 0} ∩ {E > 0} ∩ {I1 > 0}.
If E > 0 and I1 ≤ 0, then Lemma 3.3-(ii) and (3.22) imply that
dK · Y0(z) > (q1 + p1) δ0α
4
√
2
,
if δ0 > 0 is small enough and z ∈ Bδ0(0) ∩ {q1 + p1 ≥ 0} ∩ {E > 0} ∩ {I1 ≤ 0}.
If E = 0, then q1, p1 ≥ 0 and since z 6= 0 by assumption, q1 > 0 or p1 > 0. From
Lemma 3.3-(i) and (3.22) we get
dK · Y0(z) >(q1 + p1) δ0α
4
√
2
+O(I21 )
>(q1 + p1)
δ0α
8
√
2
,
if δ0 > 0 is small enough and z ∈ Bδ0(0)∩{q1+p1 ≥ 0}∩{E = 0}. This proves (i).
Now assume E < 0. To prove (ii), we observe first that q1, p1 > 0. From Lemma
3.3-(iii) and (3.22) we have
dK · Y0(z) >(q1 + p1) δ0α
4
√
2
+O(I1)
>(q1 + p1)
δ0α
8
√
2
,
if 0 < δ¯0 ≪ δ0 are chosen small enough and z ∈ Bδ¯0(0)∩{q1+p1 ≥ 0}∩{E < 0}. 
Now we estimate the third term of (3.19).
Lemma 3.7. There exists a constant A3 > 0 such that for all δ0 > 0 sufficiently
small and z ∈ {q1 + p1 ≥ 0} ∩Bδ0(0) we have
(3.25) |Gz0dK · Yf (z)| ≤ A3δ20(q1 + p1).
Proof. Observe that Yf (z) = f
′(q1 + p1)(∂q1 − ∂p1), hence
(3.26) dK · Yf (z) = α¯(q1 − p1)f ′(q1 + p1).
Now using that δ1 =
δ0
c2
, |z0| = δ0 > 0, |q1 − p1| ≤ 2|z|, |z − z0|3 ≤ |z|3 + 3|z|2δ0 +
3|z|δ20 + δ30 , and the equations (3.15), (3.17) and (3.26), we get
(3.27)
|Gz0dK · Yf (z)| ≤
24c
δ21
|q1 − p1|α¯|z − z0|3(q1 + p1)
≤96c
δ21
α|z||z − z0|3(q1 + p1)
≤96cc
2
2
δ20
α|z|(|z|3 + 3|z|2δ0 + 3|z|δ20 + δ30)(q1 + p1)
≤768cc22αδ20(q1 + p1),
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for all z ∈ {q1 + p1 ≥ 0} ∩ Bδ0(0), with δ0 > 0 sufficiently small. Let A3 =
768cc22α. 
Using Lemmas 3.5, 3.6 and 3.7, we prove:
Proposition 3.8. For all δ0 > 0 sufficiently small, the following properties hold:
i) If 0 6= z ∈ Bδ0(0) ∩ {q1 + p1 ≥ 0} ∩ {E ≥ 0}, then the Liouville vector field
Y (z) constructed above and defined on Bδ0(0) ∩ {q1 + p1 ≥ 0} is positively
transverse to its energy level K−1(K(z)), i.e., dK · Y (z) > 0. Moreover,
for all z ∈ Bδ2(0), Y (z) = z−z02 , where z0 = 1√2 (δ0, 0, δ0, 0), δ2 :=
δ1
6 =
δ0
6c2
and c2 > 0 is given by (3.9).
ii) There exists 0 < δ¯0 ≪ δ0, depending on δ0, such that if z ∈ Bδ¯0(0) ∩ {q1 +
p1 ≥ 0} ∩ {E < 0}, then the Liouville vector Y (z) is positively transverse
to its energy level K−1(K(z)).
Proof. We can choose δ0 > 0 sufficiently small satisfying Lemmas 3.5, 3.6-(i) and
3.7 so that in addition it satisfies δ0α
8
√
2
− (A1 + A3)δ20 > 0. Using equation (3.19)
and these lemmas, we see that for all 0 6= z ∈ Bδ0(0)∩{q1+ p1 ≥ 0}∩{E ≥ 0} and
δ0 > 0 sufficiently small, we have
dK · Y (z) >
(
δ0α
8
√
2
− (A1 +A3)δ20
)
(q1 + p1) ≥ 0.
This proves i).
Now for any δ0 > 0 small as above, pick δ¯0 as in Lemma 3.6-(ii). We also get
dK · Y (z) >
(
δ0α
8
√
2
− (A1 +A3)δ20
)
(q1 + p1) ≥ 0,
for all z ∈ Bδ¯0(0) ∩ {q1 + p1 ≥ 0} ∩ {E < 0}. This proves ii). 
For a fixed δ0 > 0 sufficiently small, we have constructed a local Liouville vector
field Y which interpolates Y˜0 and Y0, coincides with Y˜0 in
(
Bδ0(0) \B δ0
2
(0)
)
∩{q1+
p1 ≥ 0} and with Y0(z) = z−z02 in Bδ2(0) ∩ {q1 + p1 ≥ 0}, for all E > 0 sufficiently
small. Moreover, Y is transverse to Bδ0(0)∩{q1+p1 ≥ 0}∩K−1(E). Here δ2 = δ06c2 ,
where c2 is given by (3.9).
From Proposition 3.8-i), we also see that Y is transverse to Bδ0(0) ∩ {q1 + p1 >
0} ∩K−1(0). Patching ϕ∗Y together with X0(w) = w−w02 outside ϕ(Bδ0(0)), with
w0 = ϕ(z0), we obtain a Liouville vector field X¯0 in a small neighborhood of
S˙0 = S0 \ {pc} which is transverse to S˙0, see Remark 1.7.
Now we fix 0 < δ2 =
δ0
6c2
< δ0 small enough as in Proposition 3.8. We also fix
E¯ > 0 sufficiently small as above so that ∂SE¯ = {q1+ p1 = 0}∩K−1(E¯) ⊂ Bδ2(0).
Our next step is to perform an interpolation between Y0 and
(3.28) Y 0(z) =
z
2
in Bδ2(0) ∩ {q1 + p1 ≥ 0} ∩ K−1(E), for all E > 0 close to E¯, so that we find a
Liouville vector field YE¯ defined on a neighborhoodWE¯ ⊂ Bδ2(0)∩{q1+p1 ≥ 0} of
∂SE¯, which coincides with Y 0 near ∂SE¯ and with Y0 outside a small neighborhood
of ∂SE¯ . Moreover, YE¯ is transverse to SE at WE¯ for all E > 0 close to E¯.
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Recall that we can write I2 = I2(I1, E) as in (3.2). From Lemma 3.3-(ii), we can
assume that
(3.29) I1∂I1K¯ + I2∂I2K¯ = (−α+ ∂I1R)I1 + (ω + ∂I2R)I2 = −α¯I1 + ω¯I2 > 0
if I1 ≤ I∗1,E¯ , z ∈ Bδ2(0) ∩ {q1 + p1 ≥ 0} ∩ K−1(E) and E > 0 is sufficiently
close to E¯, where I∗
1,E¯
> 0 is fixed sufficiently small. This set contains an open
neighborhood WE¯ ⊂ Bδ2(0)∩ {q1 + p1 ≥ 0} of ∂SE¯ . So we can find ǫE¯ > 0 so that
{0 ≤ q1 + p1 ≤ ǫE¯} ∩ K−1(E) ⊂ WE¯ , for all E > 0 sufficiently close to E¯. We
choose ǫE¯ > 0 so that it satisfies
(3.30) ǫE¯ → 0 as E¯ → 0+.
Consider a smooth cut-off function fE¯ : [0,∞) → [0, 1] so that fE¯(t) = 1 if
t ∈ [0, ǫE¯4 ], fE¯(t) = 0 if t ≥ ǫE¯2 and f ′¯E(t) ≤ 0 for all t ≥ 0, and define
YE¯ := Y0 − YfE¯Gz0 ,
where YfE¯Gz0 is the Hamiltonian vector field associated to the functionKfE¯Gz0 (z) :=
fE¯(q1 + p1)Gz0(z), z = (q1, q2, p1, p2), and Gz0 is now defined by i− z02 ω0 = −dGz0
and Gz0(0) = 0, i.e.,
Gz0 = (q1 − p1)
δ0
2
√
2
.
Observe that YE¯ is Liouville with respect to ω0 since LYE¯ω0 = ω0.
Denoting by YfE¯ the Hamiltonian vector field associated to KfE¯ (z) := fE¯(q1 +
p1), we have YfE¯ = f
′¯
E
(q1 + p1)(∂q1 − ∂p1), which implies that dK · YfE¯ (z) =
α¯(q1− p1)f ′¯E(q1+ p1). Moreover, notice that YfE¯Gz0 = Gz0YfE¯ −KfE¯ z02 . Therefore
(3.31)
dK · YE¯ =(1−KfE¯ )dK ·
(−z0
2
)
+ dK · z
2
−Gz0dK · YfE¯
=(1−KfE¯ )
δ0
2
√
2
α¯(q1 + p1) + I1∂I1K¯ + I2∂I2K¯
− (q1 − p1)2 δ0
2
√
2
α¯f ′¯E(q1 + p1) > 0,
if z ∈ WE¯ . The last inequality follows from (3.29) and from the fact that the two
other terms in (3.31) are non-negative due to the properties of fE¯.
At this point we have found a Liouville vector field, still denoted by YE¯ and
defined near SE¯ ∩Bδ0(0), which is transverse to SE for all E > 0 sufficiently close
to E¯, coincides with Y 0 near ∂SE and with Y˜0 = ϕ
−1
∗ X0 on Bδ0(0) \B δ0
2
(0), where
Y 0 and X0 are defined in (3.28) and (3.1) respectively.
Patching ϕ∗YE¯ together with the Liouville vector field X0 outside ϕ(Bδ0(0)), we
finally obtain a Liouville vector field defined near SE¯ ⊂ UE¯ , still denoted by YE¯ ,
which is transverse to SE¯ .
Now we can extend YE¯ to {q1 + p1 ≤ 0} by defining
YE¯(z) = DT
−1(T (z)) · (YE¯ ◦ T (z)),
for all z ∈ {q1 + p1 ≤ 0} ∩ Bδ0(0) ∩ K−1(E), for all E > 0 sufficiently close to
E¯, where T is the involution map (q1, q2, p1, p2) 7→ (−q1, q2,−p1, p2). Since T is
symplectic, this extension is also Liouville. As above, this naturally induces an
extension of YE¯ to a neighborhood of WE¯ ⊂ UE¯ , again denoted by YE¯ , which
is transverse to WE¯ . Thus λE¯ := iYE¯ω0|WE¯ is a contact form on WE¯ and since
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WE¯ = ∂UE¯ , WE¯ admits a symplectic filling and its contact structure ξ := kerλE¯ is
diffeomorphic to the standard tight contact structure on the 3-sphere, see [16].
Notice that iY¯0ω0 =
1
2
∑
i=1,2 pidqi−qidpi is the Liouville form λ0 and, therefore,
λE¯ coincides with λ0|K−1(E¯) near ∂SE¯. The Reeb vector field of λE¯ is parallel to the
Hamiltonian vector field on SE¯ since both lie in the line bundle ker dλE¯ = kerω0|SE¯ .
Thus we have found E∗ > 0 so that for all 0 < E < E∗, there exists a Liouville
vector field YE defined near WE , which is transverse to WE and has the desired
properties near ∂SE .
Finally observe that the Liouville vector field X¯0, constructed above and defined
near S˙0, can be reflected via the involution map T to a Liouville vector field, also
denoted by X¯0, now defined near W0 \ {pc} and transverse to it. This induces a
contact form λ¯0 onW0\{pc}. It follows from the construction of YE , E > 0, and X¯0,
see (3.30) that, given any small neighborhood U0 ⊂ UE∗ of pc, we have X¯0 = YE
outside U0 for all E > 0 sufficiently small. This concludes the proof of Proposition
3.1.
Remark 3.9. In [2], Albers, Frauenfelder, van Koert and Paternain construct a
Liouville vector field for the circular planar restricted three-body problem, which is
transverse to energy levels for energies slightly above the first Lagrangian critical
value. For that, they consider interpolations of Liouville vector fields similar to the
ones explained above.
4. Proof of Proposition 2.2
Let λE be the contact form on WE obtained in Proposition 2.1 for E > 0
sufficiently small. In this section we prove the following proposition which implies
Proposition 2.2.
Proposition 4.1. The following assertions hold:
i) There exists E∗ > 0 sufficiently small such that if 0 < E < E∗ then
P2,E ⊂ WE is the unique periodic orbit of λE with Conley-Zehnder index
2. All other periodic orbits have Conley-Zehnder index ≥ 3.
ii) Given an integer M ≥ 3, there exists EM > 0, such that if 0 < E < EM
and P ⊂ WE \ P2,E is a periodic orbit linked to P2,E, then CZ(P ) > M .
In particular, if 0 < E < E3 and P ⊂ WE \ P2,E is a periodic orbit with
CZ(P ) = 3, then P is not linked to P2,E.
iii) There exists a small neighborhood U4π ⊂ UE∗ of pc such that for all E > 0
sufficiently small the following holds: let λn be a sequence of contact forms
on WE so that λn → λE in C∞ as n → ∞. If n is sufficiently large then
λn is weakly convex and the Reeb flow of λn admits only one periodic orbit
P2,n with Conley-Zehnder index 2. Moreover, P2,n is unknotted, hyperbolic,
converges to P2,E as n → ∞ and all periodic orbits of λn with Conley-
Zehnder index equal to 3 do not intersect U4π and are not linked to P2,n.
We denote by j0, j1, j2, j3 : R
4 → R4 the following linear maps:
(4.1)
j0(a1∂q1 + a2∂q2 + b1∂p1 + b2∂p2) = a1∂q1 + a2∂q2 + b1∂p1 + b2∂p2 ,
j1(a1∂q1 + a2∂q2 + b1∂p1 + b2∂p2) = b2∂q1 − b1∂q2 + a2∂p1 − a1∂p2 ,
j2(a1∂q1 + a2∂q2 + b1∂p1 + b2∂p2) = a2∂q1 − a1∂q2 − b2∂p1 + b1∂p2 ,
j3(a1∂q1 + a2∂q2 + b1∂p1 + b2∂p2) = b1∂q1 + b2∂q2 − a1∂p1 − a2∂p2 .
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One can check that {j0 = Id, j1, j2, j3,−j0 = −Id,−j1,−j2,−j3} is isomorphic to
the quaternion group, i.e., j2i = −Id, i = 1, 2, 3, j1j2 = j3 etc.
For each regular point w ∈ R4 of H , there exists an orthonormal frame
span{X0, X1, X2, X3}w = TwR4 ≃ R4
determined by
(4.2) Xi(w) = ji
( ∇H(w)
|∇H(w)|
)
, i = 0, 1, 2, 3.
One easily checks that Tw(H
−1(H(w))) = span{X1(w), X2(w), X3(w)}. Let us
denote by Sw = H
−1(H(w)) the energy level containing w.
We denote by u(t) =
3∑
i=0
αi(t)Xi(w(t)) ∈ Tw(t)R4 ≃ R4 a linearized solution of
(4.3) u˙(t) = j3Hww(w(t))u(t)
along a non-constant trajectory w(t) of XH , i.e.,
u(t) = Dψt(w(0))u(0), u(0) ∈ Tw(0)R4,
where ψt is the flow of H . Since H is preserved by the flow we can assume that
α0(t) = 0, ∀t, which holds if α0(0) = 0. Moreover, Dψt preserves the Hamilton-
ian vector direction RX3. We are interested in understanding the linearized flow
projected into span{X1, X2}, i.e., we consider the projection
π12(u(t)) := α1(t)X1(w(t)) + α2(t)X2(w(t)).
Using the equation (4.3) one can check that (α1(t), α2(t)) ∈ R2 satisfies
(4.4)
(
α˙1(t)
α˙2(t)
)
= −JM(w(t))
(
α1(t)
α2(t)
)
,
where
J =
(
0 1
−1 0
)
and M is the symmetric matrix given by
(4.5) M(w) =
(
κ11(w) κ12(w)
κ21(w) κ22(w)
)
+ κ33(w)I,
with
(4.6) κij(w) = 〈Hww(w)Xi(w), Xj(w)〉 , i, j ∈ {1, 2, 3}.
Notice that if Hww(w(t))|Tw(t)Sw(t) is positive definite then M(w(t)) is positive
definite as well. In fact, in this case we have
detM = κ11κ22 − κ212 + κ33(κ11 + κ22 + κ33) > 0,
trM = κ11 + κ22 + 2κ33 > 0.
Thus, from (4.4),
α1(t)α˙2(t)− α2(t)α˙1(t) = (α1(t), α2(t))tM(w(t))(α1(t), α2(t)) > 0,
i.e., 0 6= (α1(t), α2(t)) ∈ R2 rotates counter-clockwise. Let α1(t)+ iα2(t) ∈ R+eiη(t)
for a continuous argument η(t). Then
η˙(t) =
α1(t)α˙2(t)− α2(t)α˙1(t)
|(α1(t), α2(t))|2 .
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We immediately obtain the following proposition which will be useful later on.
Proposition 4.2. Let W ⊂ R4 be a compact set so that H is regular at all w ∈W .
Assume that Hww(w) is positive definite when restricted to Tw(H
−1(H(w))), ∀w ∈
W. Then there exists η¯ > 0 such that if w(t) ∈ W is a Hamiltonian trajectory then
η˙(t) > η¯,
for any non-vanishing transverse linearized solution α1(t)+ iα2(t) ∈ R+eη(t)i along
w(t).
Now we consider the local coordinates z = (q1, q2, p1, p2) as in Hypothesis 1
where the Hamiltonian function H is locally given by the expression (1.1). For any
regular point z of K, we have TzR
4 = span{Y0, Y1, Y2, Y3}z, where
(4.7) Yi(z) = ji
( ∇K(z)
|∇K(z)|
)
, i = 0, 1, 2, 3,
and ji, i = 0, 1, 2, 3, are defined as in (4.1).
We denote by φt the Hamiltonian flow of K and by v(t) ∈ Tz(t)R4 a solution
of the linearized flow along a non-constant trajectory z(t) = φt(z(0)). Projecting
v(t) into span{Y1, Y2}z(t) we have π12(v(t)) := β1(t)Y1(z(t)) + β2(t)Y2(z(t)) where
(β1(t), β2(t)) ∈ R2 satisfies
(4.8)
(
β˙1(t)
β˙2(t)
)
= −JM(z(t))
(
β1(t)
β2(t)
)
.
The matrix M is defined as in (4.5) and (4.6), replacing Hww with Kzz and Xi
with Yi, i = 1, 2, 3.
For a non-vanishing solution (β1(t), β2(t)) ∈ R2 ≃ C of (4.8), we write β1(t) +
iβ2(t) ∈ R+eθ(t)i, where θ(t) is a continuous argument. Given z0 ∈ V \ {0} we
define as before Sz0 = K
−1(K(z0)). For each v0 ∈ Tz0Sz0 satisfying π12(v0) 6= 0
and a ≤ b ∈ R, we denote by
(4.9) ∆θ(z0, v0, [a, b]) = θ(b)− θ(a)
the variation of the argument of (β1(t), β2(t)), which corresponds to the linearized
solution v(t) = Dφt(z0)v0 along z(t) = φt(z0) projected into span{Y1, Y2}z(t), in
the time interval [a, b].
We are ready to state our first estimate.
Lemma 4.3. There exists δ > 0 sufficiently small such that the following holds:
let z0 = (q10, q20, p10, p20) ∈ Bδ(0), q10p10 6= 0, and [t−, t+], t− < 0 < t+, be the
maximal interval containing t = 0 such that z(t) ∈ Bδ(0), ∀t ∈ [t−, t+], where
z(t) = φt(z0). Let v0 ∈ Tz0Sz0 be such that π12(v0) 6= 0. Then
∆θ(z0, v0, [t
−, t+]) >
ω
2
(t+ − t−)− π.
Moreover, given N ≥ 0, there exists 0 < δN < δ such that if z0 ∈ BδN (0) ⊂ Bδ(0)
and v0 ∈ Tz0Sz0 are as above, then
∆θ(z0, v0, [t
−, t+]) > N.
Proof. By the maximality of [t−, t+] and since q10p10 6= 0, there exists t∗ ∈ (t−, t+)
such that
z(t∗) = (b, q20(t∗),±b, p20(t∗)), b 6= 0.
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We may assume t∗ = 0 since ∆θ is independent of reparametrizations in time of
the linearized solutions, i.e.,
∆θ(z0, v0, [t
−, t+]) = ∆θ(z1, v1, [t−1 , t
+
1 ]),
if z1 = φt∗(z0), v1 = Dφt∗(z0) · v0, t−1 = t− − t∗ and t+1 = t+ − t∗. Notice that
t∗ = 0 implies t− = −t+ by symmetry.
Let us assume that z0 = (b, q20, b, p20) ∈ Bδ(0) with b > 0, the other cases are
completely analogous. Then
(4.10)
z(t) =(q1(t), q2(t), p1(t), p2(t))
=(be−α¯t, r sin(ω¯(t+ ζ0)), beα¯t, r cos(ω¯(t+ ζ0)))
where
(4.11)
α¯ =− ∂I1K¯
(
b2,
r2
2
)
= α+O(b2 + r2),
ω¯ = ∂I2K¯
(
b2,
r2
2
)
= ω +O(b2 + r2),
are constants along the solutions, (q20, p20) = (r sin(ω¯ζ0), r cos(ω¯ζ0)) and r =√
q220 + p
2
20, see (1.3). For simplicity in the notation we may assume that ζ0 = 0.
Using (4.7) we compute
(4.12)
Y0(z(t)) =g(t)(−α¯beα¯t, ω¯r sin ω¯t,−α¯be−α¯t, ω¯r cos ω¯t),
Y1(z(t)) =g(t)(ω¯r cos ω¯t, α¯be
−α¯t, ω¯r sin ω¯t, α¯beα¯t),
Y2(z(t)) =g(t)(ω¯r sin ω¯t, α¯be
α¯t,−ω¯r cos ω¯t,−α¯be−α¯t),
Y3(z(t)) =g(t)(−α¯be−α¯t, ω¯r cos ω¯t, α¯beα¯t,−ω¯r sin ω¯t),
where
g(t) =
1
|∇K(z(t))| =
1√
2α¯2b2 cosh(2α¯t) + ω¯2r2
.
The Hessian matrix Kzz(z(t)) of K along z(t) is given by
r11b
2e2α¯t r12bre
α¯t sin ω¯t −α¯+ r11b2 r12breα¯t cos ω¯t
r12bre
α¯t sin ω¯t ω¯ + r22r
2 sin2 ω¯t r12bre
−α¯t sin ω¯t r22r2 sin ω¯t cos ω¯t
−α¯+ r11b2 r12bre−α¯t sin ω¯t r11b2e−2α¯t r12bre−α¯t cos ω¯t
r12bre
α¯t cos ω¯t r22r
2 sin ω¯t cos ω¯t r12bre
−α¯t cos ω¯t ω¯ + r22r2 cos2 ω¯t
 .
The functions rij = ∂IiIjR(b
2, r
2
2 ), i, j = 1, 2, are zero order terms, constant along
the solutions, and we may assume that |rij | ≤ c0 on V for a uniform constant
c0 > 0. We compute
〈KzzY1, Y1〉z(t) =g(t)2(−α¯ω¯2r2 sin 2ω¯t+ 2ω¯α¯2b2 cosh 2α¯t+
b2r2r¯(cosh 2α¯t+ sinh 2a¯t cos 2ω¯t+ sin 2ω¯t)),
〈KzzY1, Y2〉z(t) =g(t)2(α¯ω¯2r2 cos 2ω¯t+ b2r2r¯(− cos 2ω¯t+ sin 2ω¯t sinh 2α¯t)),
〈KzzY2, Y2〉z(t) =g(t)2(α¯ω¯2r2 sin 2ω¯t+ 2ω¯α¯2b2 cosh 2α¯t+
b2r2r¯(cosh 2α¯t− sinh 2a¯t cos 2ω¯t− sin 2ω¯t)),
〈KzzY3, Y3〉z(t) =g(t)2(2α¯3b2 + ω¯3r2),
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where r¯(b, r) = r11ω¯
2+2r12α¯ω¯+r22α¯
2 is constant along the trajectories and satisfies
(4.13) |r¯(b, r)| ≤ c1
for some uniform constant c1 > 0.
In this way, the linearized solution v(t) along z(t) projected into span{Y1, Y2}z(t)
is represented by (β1(t), β2(t)) 6= 0 satisfying
(4.14)
(
β˙1(t)
β˙2(t)
)
=
( −m(t) p(t)− n(t)
p(t) + n(t) m(t)
)(
β1(t)
β2(t)
)
where
(4.15)
m(t) =g(t)2[α¯ω¯2r2 cos 2ω¯t+ b2r2r¯(sin 2ω¯t sinh 2α¯t− cos 2ω¯t)],
p(t) =g(t)2[−α¯ω¯2r2 sin 2ω¯t+ b2r2r¯(cos 2ω¯t sinh 2α¯t+ sin 2ω¯t)],
n(t) =ω¯ + g(t)2(2α¯3b2 + b2r2r¯ cosh 2α¯t).
Denoting β1(t) + iβ2(t) = ρ(t)e
θ(t)i for continuous functions ρ(t) > 0 and θ(t), we
find from (4.14) and (4.15) that
θ˙(t) =
β1(t)β˙2(t)− β2(t)β˙1(t)
β1(t)2 + β2(t)2
=n(t) + p(t) cos 2θ(t) +m(t) sin 2θ(t)
=ω¯ + g(t)2{2α¯3b2 + (b2r2r¯ − α¯ω¯2r2) sin(2ω¯t− 2θ(t))+
b2r2r¯[cosh 2α¯t+ sinh 2α¯t cos(2ω¯t− 2θ(t))]}
=:G(t, θ(t)),
with G(t, θ) being π-periodic in θ. Let θ˜(t) = ω¯t+ π4 . We have
G(t, θ˜(t)) = ω¯ + g(t)2{2α¯3b2 + r2[α¯ω¯2 + b2r¯(cosh 2α¯t− 1)]}
Since 0 < q1(t) = be
−α¯t ≤ δ and 0 < p1(t) = beα¯t ≤ δ for all t ∈ [t−, t+], we have
(4.16) b2 cosh 2α¯t ≤ 2δ2
for all t ∈ [t−, t+]. Using (4.13) and (4.16) we obtain
(4.17) G(t, θ˜(t)) = ω¯ + g(t)2{2α¯3b2 + r2[α¯ω¯2 +O(δ2)]}.
Thus choosing δ > 0 sufficiently small we finally get
(4.18) G(t, θ˜(t)) > ω¯,
for all t ∈ [t−, t+].
Let θ(0) = k0π +
π
4 + µ0, for some k0 ∈ Z and µ0 ∈ [0, π). Letting ∆(t) =
θ(t)− θ˜(t) − k0π, ∀t, we have ∆˙(t) = G(t,∆(t) + θ˜(t))− ω¯ and hence, from (4.18),
∆˙(t) > 0 if ∆(t) = kπ, ∀k ∈ Z. Since ∆(0) = µ0 ≥ 0, this implies that ∆(t) > 0 for
all t > 0, i.e., θ(t) > θ˜(t) + k0π, ∀t > 0. Therefore
(4.19) θ(t) − θ(0) = ∆(t) + ω¯t− µ0 > ω¯t− π, ∀t > 0.
Since
∆θ(z0, v0, [t
−, t+]) = ∆θ(φt−(z0), Dφt−(z0) · v0, [0, t+ − t−]),
we use estimate (4.19) considering φt−(z0) and Dφt−(z0) · v0 as initial conditions
in order to find
(4.20) ∆θ(z0, v0, [t
−, t+]) > ω¯(t+ − t−)− π > ω
2
(t+ − t−)− π,
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if δ > 0 is fixed small enough.
The last statement of this lemma clearly follows from (4.20). In fact, due to the
local behavior of the flow near the saddle-center equilibrium, given N ≥ 0 we can
choose δN > 0 small enough such that if z0 ∈ BδN (0) then t+ − t− > 2ω (N + π).
This implies
∆θ(z0, v0, [t
−, t+]) > N.

Next we prove a similar estimate for the Hamiltonian flow of H in the orig-
inal coordinates w = (x1, x2, y1, y2). As before, we consider the moving frame
{X0, X1, X2, X3}w defined in (4.2) for regular points w of H . Let
u(t) =
3∑
i=1
αi(t)Xi(w(t)) = Dψt(w0) · u0
be a solution of the linearized flow along a non-constant trajectory w(t) = ψt(w0) of
XH , with u0 = u(0). As we have seen, the projection π12(u(t)) into span{X1, X2}w(t)
is represented by (α1(t), α2(t)) ∈ R2 which satisfies (4.4). We assume π12(u0) 6= 0.
Let η(t) be a continuous argument defined by α1(t) + iα2(t) ∈ R+eiη(t). In the
same way, for a ≤ b we define
∆η(w0, u0, [a, b]) = η(b)− η(a).
Lemma 4.4. Given W0 ⊂ U neighborhood of pc, there exists a neighborhood U∗ ⊂
W0 of pc such that the following holds: let w0 = (x10, x20, y10, y20) ∈ U∗ so that
ϕ−1(w0) = (q10, q20, p10, p20) satisfies q10p10 6= 0. Let [t−, t+], t− < 0 < t+, be
the maximal interval containing t = 0 such that w(t) ∈ closure(U∗), ∀t ∈ [t−, t+],
where w(t) = ψt(w0). Let u0 ∈ Tw0Sw0 be such that π12(u0) 6= 0, where Sw0 =
H−1(H(w0)). Then
∆η(w0, u0, [t
−, t+]) >
ω
2
(t+ − t−)− C,
where C > 0 is a uniform constant depending only on U∗. In particular, given
N ≥ 0, there exists a neighborhood UN ⊂ U∗ of pc such that if w0 ∈ UN and
u0 ∈ Tw0Sw0 are as above, then
∆η(w0, u0, [t
−, t+]) > N.
Proof. Let δ > 0 be such that Bδ(0) ⊂ ϕ−1(W0). Consider the moving frame on
Bδ(0) \ {0} given by
{X˜i(z) = Dϕ−1(ϕ(z)) ·Xi(ϕ(z)), i = 1, 2, 3}.
We denote by π˜12 the projection into span{X˜1, X˜2} along X˜3 ‖ Y3. Let Y˜i =
π˜12(Yi), i = 1, 2. Notice that {Y˜1, Y˜2} is a symplectic basis of span{X˜1, X˜2}. Writing
Y˜1(z) = a1(z)X˜1(z)+a2(z)X˜2(z) we find a continuous function ζ1 : Bδ(0)\{0} → S1
given by z 7→ (a1(z),a2(z))|(a1(z),a2(z))| . Let ζ˜1 : Bδ(0)\{0} → R be a lift of ζ1, which exists since
Bδ(0)\{0} is simply connected. In this way we have a1(z)+ia2(z) ∈ R+eiζ˜1(z), ∀z ∈
Bδ(0) \ {0}. Let
(4.21) C1 = sup
z1,z2∈∂Bδ(0)
|ζ˜1(z1)− ζ˜1(z2)| <∞.
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The flow ψt ofH in U is conjugated to the flow φt ofK in V by the symplectomor-
phism ϕ, i.e., ϕ◦φt = ψt ◦ϕ. Thus the linearized flows satisfy Dϕ ·Dφt = Dψt ·Dϕ.
Let z(t) = ϕ−1(w(t)) and v(t) = Dφt(z(0)) ·Dϕ−1(w0) · u0, where w(t) and u0 are
as in the statement. Thus
π˜12(v(t)) =α1(t)X˜1(z(t)) + α2(t)X˜2(z(t))
=β1(t)Y˜1(z(t)) + β2(t)Y˜2(z(t)),
where (α1(t), α2(t)) satisfies (4.4)−(4.6) and (β1(t), β2(t)) satisfies (4.8) with H
replaced with K. Let θ(t) be a continuous argument of β1(t) + iβ2(t). Now let
(4.22) θ˜(t) = η(t)− ζ˜1(z(t)).
Observe that θ˜(t) corresponds to the angle between π˜12(v(t)) and Y˜1(z(t)) in the
trivialization induced by {X˜1, X˜2} while θ(t) is the angle between π12(v(t)) and
Y1(z(t)) in the trivialization induced by {Y1, Y2}. We can assume that
−π < θ˜(0)− θ(0) < π.
Since Y1 and Y2 correspond to Y˜1 and Y˜2 in span{X˜1, X˜2}, respectively, we must
have
(4.23) − π < θ˜(t)− θ(t) < π, ∀t.
We can take δ > 0 even smaller so that the conclusions of Lemma 4.3 hold in
Bδ(0). Let U∗ := ϕ(Bδ(0)) ⊂ W0. From (4.21), (4.22) and (4.23), if w0 ∈ U∗, we
find
∆η(w0, u0, [t
−, t+]) =η(t+)− η(t−)
=(θ˜(t+)− θ˜(t−)) + (ζ˜1(z(t+))− ζ˜1(z(t−)))
=(θ˜(t+)− θ(t+)) + (θ(t+)− θ(t−))
+ (θ(t−)− θ˜(t−)) + (ζ˜1(z(t+))− ζ˜1(z(t−)))
>∆θ(z0, v0, [t
−, t+])− 2π − C1
>
ω
2
(t+ − t−)− C,
where C = 3π + C1.
Given N ≥ 0, choose δN > 0 sufficiently small such that if z0 ∈ BδN (0) then
t+ − t− > 2ω (N + C). Let UN := ϕ(BδN (0)) ⊂ U∗. If w0 ∈ UN then
∆η(w0, u0, [t
−, t+]) > N.

Given a contractible periodic orbit P = (w, T ) ⊂ H−1(E) with period T > 0, we
have the following characterization of its Conley-Zehnder index CZ(P ): let u(t) be
a solution of the linearized flow along w(t) with initial condition u(0) ∈ Tw(0)Sw(0)
satisfying π12(u(0)) 6= 0. We write π12(u(t)) = α1(t)X1(w(t)) + α2(t)X2(w(t)),
where the frame {X1, X2} is defined as in (4.2). Let η(t) be a continuous argument
of α1(t) + iα2(t). Let
I =
{
∆η(w(0), u(0), [0, T ])
2π
: π12(u(0)) 6= 0
}
.
Then I is a compact interval with length < 12 . Let
(4.24) Iǫ = I + ǫ,
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with ǫ ∈ R. We find an integer k such that for all ǫ < 0 small, either Iǫ ⊂ (k, k+1)
or k ∈ interior(Iǫ). In the first case, CZ(P ) = 2k + 1 and in the second case
CZ(P ) = 2k, see [32]. Notice that we are using the symplectic trivialization of
span{X1, X2} induced by {X1, X2} to study the transverse linearized flow. In our
case we always assume that this trivialization is defined over an embedded disk
D ⊂ H−1(E) such that ∂D = P .
Proposition 4.5. For each E > 0 small, let P2,E = (zE , T
H
2,E) ⊂ K−1(E) be the
periodic orbit in the center manifold of the saddle-center, given in local coordinates
(q1, q2, p1, p2) by {q1 = p1 = 0, I2 = I2(0, E)}, see (1.4). Then P2,E is unknotted,
hyperbolic and CZ(P2,E) = 2.
Proof. We consider the symplectic frame {Y1, Y2} defined in (4.7). Notice that
P2,E is the boundary of the embedded disk closure(U1,E) = {q1 + p1 = 0, q1 ≤
0} ∩K−1(E) ⊂ V, for E > 0 small. Hence P2,E is unknotted.
Assume that zE(0) = (0, 0, 0, rE), where rE =
√
2I2(0, E) =
√
2Eω +O(E
2).
The period of P2,E with respect to the Hamiltonian flow is given by T
H
2,E =
2π
ω¯ ,
where ω¯ = ω + O(r2E) is constant in t. Thus zE(t) = (0, rE sin ω¯t, 0, rE cos ω¯t).
Using (4.8), we see that the projection of a linearized solution v(t) along zE(t),
with π12(v(0)) 6= 0, is represented by β(t) = β1(t) + iβ2(t) ∈ R+eiθ(t), satisfying
(4.25)
(
β˙1(t)
β˙2(t)
)
=
( −α¯ cos 2ω¯t −α¯ sin 2ω¯t− ω¯
−α¯ sin 2ω¯t+ ω¯ α¯ cos 2ω¯t
)(
β1(t)
β2(t)
)
.
Defining new coordinates β˜(t) = β˜1(t) + iβ˜2(t) := (β1(t) + iβ2(t))e
−iω¯t ∈ R+eiθ˜(t),
we get (
˙˜
β1(t)
˙˜
β2(t)
)
=
( −α¯ 0
0 α¯
)(
β˜1(t)
β˜2(t)
)
.
Since β˜(TH2,E) = β(T
H
2,E), P2,E is hyperbolic. Now since ∆θ(zE(0), v(0), [0, T
H
2,E]) =
∆θ˜(zE(0), v(0), [0, T
H
2,E]) + 2π and
0 ∈ interior({∆θ˜(zE(0), v(0), [0, TH2,E]) : π12(v(0)) 6= 0}),
we have that 1 ∈ interior(Iǫ) for all ǫ < 0 small, where Iǫ is defined in (4.24). This
implies that CZ(P2,E) = 2. 
Proposition 4.6. The following assertions hold:
i) There exists E0 > 0 sufficiently small such that given an integer M > 0,
there exists a neighborhood U˜M of pc such that if 0 < E < E0 and P ⊂
WE \ P2,E is a periodic orbit intersecting U˜M , then CZ(P ) > M .
ii) Given an integer M > 0, there exists 0 < EM < E0, E0 > 0 as in i), so
that if 0 < E < EM and P ⊂WE \P2,E is linked to P2,E then CZ(P ) > M .
In particular, if 0 < E < E3 and P ⊂ WE \ P2,E is a periodic orbit with
CZ(P ) = 3, then P is not linked to P2,E.
Proof. Let U0 ⊂ U∗ ⊂ U be the neighborhoods of pc given in Lemma 4.4, where
U0 is obtained choosing N = 0. We can find E0 > 0 and a constant k0 > 0 such
that for all 0 ≤ E < E0 we have 〈Hww(w) · u, u〉 > k0 for all w ∈ WE \ U0 and
u ∈ TwSw with |u| = 1. This follows from the convexity assumption on the critical
level given by Hypothesis 2. Hence, from Proposition 4.2 we find η¯ > 0 such that if
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α1(t) + iα2(t) ∈ R+eiη(t) represents a non-vanishing linearized solution u(t) along
a trajectory w(t) projected into span{X1, X2}w(t), and so that w(t) ∈WE \ U0 for
t ∈ [a, b], then
(4.26) η˙(t) > η¯ > 0, ∀t ∈ [a, b].
Given M˜ > 0, let U
M˜
⊂ U0 be as in Lemma 4.4 so that if w(0) = ϕ(q10, q20, p10, p20)
∈ U
M˜
with q10p10 6= 0 then
(4.27) ∆η(w(0), u(0), [t−, t+]) > M˜,
for any u(0) ∈ Tw(0)Sw(0) satisfying π12(u(0)) 6= 0, where t− < 0 < t+ and [t−, t+]
corresponds to the maximal time interval containing t = 0 such that w([t−, t+]) ⊂
closure(U∗). Any other maximal segment of orbit intersecting U0 and contained
in U∗ contributes positively to ∆η, by Lemma 4.4. Now if w(t) corresponds to a
periodic orbit P = (w, T ) ⊂ WE intersecting UM˜ , with P 6= P2,E , then by (4.26)
and (4.27) we obtain
CZ(P ) > 2
(⌊
∆η(w(0), u(0), [t−, t+])
2π
⌋
− 1
)
≥ 2
(⌊
M˜
2π
⌋
− 1
)
.
Therefore, given an integer M > 0 we can take U˜M = UM˜ for M˜ = 2π(M + 1).
This proves i).
Finally there exists 0 < EM < E0 so that ∂SE ⊂ U˜M for all 0 < E < EM . Hence
if P ⊂WE \P2,E , 0 < E < EM , is linked to P2,E then P must intersect ∂SE \P2,E
and therefore must also intersect U˜M . This implies CZ(P ) > M and proves ii). 
The next proposition shows that W0 \ {pc} is dynamically convex, i.e., all of its
periodic orbits have Conley-Zehnder index ≥ 3.
Proposition 4.7. Let P ⊂W0 \ {pc} be a periodic orbit. Then CZ(P ) ≥ 3.
Proof. Assume P ⊂ S˙0, the case S˙′0 is analogous. Let δ > 0 be small enough such
that Bδ(pc) ∩ P = ∅. The set S˙0 \ Bδ(pc) is strictly convex in the sense that any
hyperplane tangent to it is a non-singular support hyperplane. By a theorem of M.
Ghomi [18, Theorem 1.2.5], S˙0\Bδ(pc) can be extended to a strictly convex smooth
hypersurface S˜0 which is diffeomorphic to S
3. Since P ⊂ S0 ∩ S˜0 and CZ(P ) does
not depend on the fact that P lies either in S0 or in S˜0, we must have CZ(P ) ≥ 3
by a theorem of Hofer, Wysocki and Zehnder, see [28, Theorem 3.4]. 
Using Propositions 4.6 and 4.7, we prove the following result.
Proposition 4.8. There exists E∗ > 0 such that for each 0 < E < E∗, we have
CZ(P ) ≥ 3 for all periodic orbits P ⊂WE \ P2,E.
Proof. Let E0 > 0 and U˜3 ⊂ U0 ⊂ U∗ be as in Lemma 4.4 and Proposition 4.6.
Let 0 < E1 < E0 be such that 〈Hww(w) · u, u〉 > k0 > 0 for all w ∈ WE \ U˜3, 0 <
E < E1, and u ∈ TwSw with |u| = 1. As in the proof of Proposition 4.6, we find a
constant η¯ > 0 such that
(4.28) η˙ > η¯,
for any non-vanishing transverse linearized solution α1(t)+ iα2(t) ∈ R+eiη(t) along
a segment of trajectory in WE \ U˜3, where 0 < E < E1.
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Arguing indirectly, assume that there exists a sequence En → 0+, 0 < En < E1
such that each WEn admits a periodic orbit Pn = (wn, Tn) 6= P2,E , with CZ(Pn) <
3. By definition of U˜3, we have Pn ⊂WEn \ U˜3 for all n. From estimate (4.28), we
get that Tn is uniformly bounded and therefore by Arzela`-Ascoli theorem we find a
subsequence of En, also denoted by En, such that Tn → T > 0 and wn → w, where
P = (w, T ) ⊂W0 \ {pc} is a periodic orbit. Here the periods of the periodic orbits
correspond to the Hamiltonian function H . By the definition of the Conley-Zehnder
index we see that CZ(P ) ≤ lim infn→∞ CZ(Pn) < 3. This leads to a contradiction
with Proposition 4.7 and shows that there exists 0 < E∗ < E1 so that all periodic
orbits P ⊂WE \ P2,E have CZ(P ) ≥ 3 for all 0 < E < E∗. 
Propositions 4.6 and 4.8 imply i) and ii) of Proposition 4.1, remaining only to
prove iii).
For E > 0 sufficiently small, consider the contact form λE onWE given in Propo-
sition 2.1 so that its Reeb flow is equivalent to the Hamiltonian flow of H restricted
to WE under a reparametrization of the trajectories. This reparametrization also
reparametrizes the transverse linearized flow.
From Propositions 4.5, 4.6-ii) and 4.8, we know that for all E > 0 sufficiently
small, λE is weakly convex (i.e., all of its periodic orbits have Conley-Zehnder
index ≥ 2), P2,E is the only periodic orbit of λE with Conley-Zehnder index 2, and
if P ⊂ WE \ P2,E is a periodic orbit of λE with Conley-Zehnder index 3 then P is
not linked to P2,E .
Let λn → λE in C∞ as n → ∞ with E > 0 small enough as above. Since P2,E
is unknotted and hyperbolic, it follows that for all large n, λn admits a unique un-
knotted and hyperbolic periodic orbit P2,n satisfying CZ(P2,n) = 2 and, moreover,
P2,n → P2,E in C∞ as n→∞.
We fix the symplectic frame {X1, X2} ⊂ TWE , defined in (4.2), which is trans-
verse to the Reeb vector field XλE , where E > 0 is sufficiently small. This frame was
used to project the linearized flow of λE and in the same way we use it to project
the linearized flow of λn for all large n in order to estimate the Conley-Zehnder
index of periodic orbits of λn.
Since the flow of λn converges to the flow of λE in C
∞
loc as n→∞ and the esti-
mates in Lemma 4.4, Propositions 4.6 and 4.8 are open, we obtain similar estimates
for the Conley-Zehnder index of periodic orbits of λn for all large n. To be more
precise, as in Lemma 4.4 we can find small neighborhoods U4π ⊂ U∗ ⊂ UE∗ of pc so
that the argument η(t) of any non-vanishing transverse linearized solution along a
maximal segment of trajectory of λn contained in U∗ and intersecting U4π satisfies
∆η > 4π for all large n. Now proceeding as in Proposition 4.6, we find η¯ > 0 so
that
(4.29) η˙(t) > η¯
for any segment of trajectory outside U4π, for all E > 0 fixed sufficiently small and
n sufficiently large. The fact that P2,n → P2,E as n→∞ implies that, for all E > 0
fixed sufficiently small, every periodic orbit P of λn in WE \P2,n which is linked to
P2,n intersects U4π for all large n and therefore satisfies CZ(P ) > 3 .
Now arguing as in Proposition 4.8, we can show that for all E > 0 fixed even
smaller, λn is weakly convex and P2,n is the only periodic orbit with Conley-Zehnder
index 2 for all large n. In fact, arguing indirectly, assume that for all large n, λn
admits a periodic orbit Pn 6= P2,n with CZ(Pn) ≤ 2. Then Pn does not intersect
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U4π for all large n and the period Tn of Pn is uniformly bounded in n. This
last statement follows from (4.29). From Arzela`-Ascoli theorem, we can extract a
subsequence so that Pn → P¯ in C∞ as n → ∞, where P¯ is a periodic orbit of
λE , geometrically distinct to P2,E and CZ(P¯ ) ≤ lim infn→∞ CZ(Pn) ≤ 2. This
contradicts Proposition 4.8 and concludes the proof of Proposition 4.1-iii).
Thus the proof of Proposition 4.1 is complete.
5. Proof of Proposition 2.8
In this section we prove Proposition 2.8 which is restated below.
Proposition 5.1. If E > 0 is sufficiently small, then there exists JE ∈ J (λE)
so that the almost complex structure J˜E = (λE , JE) on the symplectization R ×
WE admits a pair of finite energy planes u˜1,E = (a1,E , u1,E), u˜2,E = (a2,E , u2,E) :
C→ R×WE and their projections u1,E(C), u2,E(C) into WE are, respectively, the
hemispheres U1,E , U2,E ⊂ ∂SE defined in local coordinates by (1.5), both asymptotic
to the hyperbolic periodic orbit P2,E.
To prove Proposition 5.1, we first define a suitable complex structure JE ∈ J (λE)
and then explicitly construct a pair of finite energy J˜E = (λE , JE)-holomorphic
planes u˜1,E and u˜2,E satisfying the desired properties for E > 0 sufficiently small.
By explicit construction, we mean that u˜i,E , i = 1, 2, are given in terms of solutions
of certain one-dimensional O.D.E.’s.
Consider the local coordinates (q1, q2, p1, p2) ∈ V as in Hypothesis 1. Recall
from Proposition 2.1 that the contact form λE on WE coincides near ∂SE with
λE =
1
2
2∑
i=1
pidqi − qidpi|K−1(E)
and therefore the Reeb vector field XλE near ∂SE is given by
(5.1) XλE =
1
−α¯I1 + ω¯I2 (−α¯q1, ω¯p2, α¯p1,−ω¯q2).
The Hamiltonian function in these coordinates is
K = −αI1 + ωI2 +O(I21 + I22 ),
where I1 = q1p1 and I2 =
q22+p
2
2
2 . We know that if |I1|, E > 0 are small enough, we
can write
(5.2) I2 = I2(I1, E) =
E
ω
+
α
ω
I1 +O(I
2
1 + E
2).
Thus for eachE > 0 small we find I−1 (E) = −Eα+O(E2) < 0 so that I2(I−1 (E), E) =
0 and I2(I1, E) > 0 if I1 > I
−
1 (E).
Given z = (q1, q2, p1, p2) ∈ V , let Sz = K−1(K(z)). We assume E = K(z) > 0.
Then TzSz = span{e1, e2, e3}z, where ei = jie0, e0 = ∇K 6= 0, and ji, i = 1, 2, 3,
are defined in (4.1). The vector e3 is parallel to XλE and the contact structure ξ =
kerλE is isomorphic to Π12 := span{e1, e2}, as a tangent hyperplane distribution,
via the projection π12 : TWE → Π12 along e3. Let e¯i ∈ ξ be the vectors determined
by π12(e¯i) = ei, i = 1, 2. We define locally the dλE -compatible complex structure
JE : ξ → ξ in these coordinates by
(5.3) JE · e¯1 = e¯2.
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Using a suitable auxiliary Riemannian metric on WE , we can smoothly extend JE
to all WE . We have
e1 = (ω¯p2, α¯q1, ω¯q2, α¯p1),
e2 = (ω¯q2, α¯p1,−ω¯p2,−α¯q1),
where both α¯ = α− ∂I1R and ω¯ = ω + ∂I2R depend on I1, I2.
Let J˜E = (λE , JE) be the natural almost complex structure on the symplec-
tization R ×WE . We look for a pair of J˜E-holomorphic rigid planes u˜1,E, u˜2,E :
C → R × WE , both asymptotic to P2,E = (x2,E , T2,E) at +∞ and approaching
P2,E through opposite directions. Assuming that x2,E(0) = (0, rE , 0, 0), we write
in local coordinates
x2,E(t) =
(
0, rE cos
2πt
T2,E
, 0,−rE sin 2πt
T2,E
)
, t ∈ R,
where
r2E
2 = I2(0, E) ∼ Eω > 0, if E > 0 is small, see (5.2). Since XλE (0, q2, 0, p2) =
1
I2
(0, p2, 0,−q2) we see that the period of P2,E with respect to the Reeb flow of λE
is given by
T2,E = πr
2
E =
2πE
ω
+O(E2).
Note that T2,E differs from the period T
H
2,E =
2π
ω + O(E) of the Hamiltonian flow
of H .
Our candidates for the planes u˜1,E and u˜2,E are the ones which project into the
embedded 2-sphere
∂SE = {q1 + p1 = 0} ∩K−1(E),
with E > 0 small. For simplicity these planes will be defined in the cylinder R×S1
with the help of the change of coordinates R× S1 ∋ (s, t) 7→ e2π(s+it) ∈ C.
Let us construct u˜1,E = (a1,E , u1,E) which will be denoted simply by u˜ = (a, u).
The case u˜2,E is completely analogous due to the symmetry of our coordinates.
Trying an ansatz, we assume that u˜(s, t) = (a(s, t), u(s, t)) : R×S1 → R×WE has
the form
(5.4)
u(s, t) = (q1(s, t), q2(s, t), p1(s, t), p2(s, t))
= (−h(s), f(s) cos 2πt, h(s),−f(s) sin 2πt),
where f : R → (0,∞) and h : R → R \ {0} are suitable smooth functions to be
determined below. The conditions for u˜ to be J˜E-holomorphic are expressed by the
equations
(5.5)
{
d(u∗λE ◦ i) = 0,
πus + JE(u)πut = 0,
where π : TWE → ξ is the projection along the Reeb vector field XλE given by
(5.1). Using (5.4), one can easily check that
d(u∗λE ◦ i) = 1
2
(q1∆p1 − p1∆q1 + q2∆p2 − p2∆q2)ds ∧ dt = 0,
and, therefore, the first equation in (5.5) is automatically satisfied.
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Now we find conditions on f(s) and h(s) so that the second equation of (5.5) is
satisfied. Restricting the frame {e¯1, e¯2} ⊂ ξ to ∂SE , where p1 = −q1, we obtain
(5.6)
e¯1 = e1 − λE(e1)XλE
= (ω¯p2, α¯q1, ω¯q2,−α¯q1)− 1
2
q1(q2 + p2)(ω¯ − α¯)
α¯I1 − ω¯I2 (−α¯q1, ω¯p2,−α¯q1,−ω¯q2),
e¯2 = e2 − λE(e2)XλE
= (ω¯q2,−α¯q1,−ω¯p2,−α¯q1)− 1
2
q1(q2 − p2)(ω¯ − α¯)
α¯I1 − ω¯I2 (−α¯q1, ω¯p2,−α¯q1,−ω¯q2).
A direct computation shows that
(5.7)
πus = us − λE(us)XλE = (−h′(s), f ′(s) cos 2πt, h′(s),−f ′(s) sin 2πt),
πut = ut − λE(ut)XλE = (0,−2πf(s) sin 2πt, 0,−2πf(s) cos2πt)
− πf(s)
2
α¯h(s)2 + ω¯f(s)
2
2
(α¯h(s),−ω¯f(s) sin 2πt, α¯h(s),−ω¯f(s) cos 2πt)
Using (5.6) e (5.7) we find
(5.8)
e¯1 =
ω¯
2h′(s)
(q2 − p2)πus −
(
ω¯ −N(ω¯ − α¯)α¯h(s)2
2Nα¯πf(s)2h(s)
)
(q2 + p2)πut,
e¯2 =− ω¯
2h′(s)
(q2 + p2)πus −
(
ω¯ −N(ω¯ − α¯)α¯h(s)2
2Nα¯πf(s)2h(s)
)
(q2 − p2)πut,
where N =
(
α¯h(s)2 + ω¯2 f(s)
2
)−1
. Now using (5.3) and the second equation of
(5.5), we end up finding the following differential equation
(5.9) h′(s) = − 2πα¯ω¯h(s)f(s)
2
ω¯2f(s)2 + 2α¯2h(s)2
.
Recall that u(s, t) ∈ K−1(E), ∀(s, t). Using (5.2), we have
(5.10) f(s)2 =
2
ω
E − 2α
ω
h(s)2 +O(h(s)4 + E2)
for all s ∈ R. Hence we may view (5.9) as a differential equation of the type
h′(s) = G(h(s)),
where G = G(h) is a smooth function defined in the interval [−h∗E , h∗E], where
h∗E =
√
−I−1 (E) > 0
is the positive small value of h so that f vanishes in (5.10), with fixed E > 0 small
enough, see definition of I−1 (E) above. Thus G vanishes at h = 0 and at h = ±h∗E,
G is positive in (−h∗E, 0) and negative in (0, h∗E). Any solution h = h(s) of (5.9)
with h(0) ∈ (0, h∗E) is strictly decreasing and satisfies
(5.11) lim
s→−∞ h(s) = h
∗
E and lims→+∞h(s) = 0.
It follows from (5.10) that
(5.12) lim
s→−∞
f(s) = 0 and lim
s→+∞
f(s) = rE > 0.
SYSTEMS OF TRANSVERSAL SECTIONS NEAR CRITICAL ENERGY LEVELS 43
Equations (5.11) and (5.12) imply that the loops S1 ∋ t 7→ u(s, t) converge to
S1 ∋ t 7→ x2,E(T2,Et) in C∞ as s → +∞. Moreover, u(s, t) → (−h∗E, 0, h∗E , 0)
uniformly in t as s→ −∞.
The function a(s, t) can be defined by
(5.13) a(s, t) = π
∫ s
0
f(τ)2dτ,
depends only on s ∈ R and
(5.14)
0 < as(s, t) = λE(ut(s, t)) = πf(s)
2 → πr2E = T2,E as s→ +∞
0 = at(s, t) = λE(us(s, t)).
Let u˜ = (a, u) : R×S1 → R×WE with a(s, t) given by (5.13) and u(s, t) defined
as in (5.4), where f(s) is determined in terms of h(s) by (5.10) and h(s) is a solution
of (5.9) satisfying h(0) ∈ (0, h∗E). By construction, u˜ is a J˜E-holomorphic curve
since satisfies (5.5). Moreover, (5.14) implies that u˜ has finite energy 0 < E(u˜) =
T2,E <∞. In fact, by Stoke’s theorem one has∫
R×S1
u˜∗dλϕ = lim
R→+∞
{−ϕ(a(−R))πf(−R)2 + ϕ(a(R))πf(R)2}
=ϕ(+∞)πr2E
=ϕ(+∞)T2,E ,
where λϕ(a, u) = ϕ(a)λE(u), ϕ : R → [0, 1] is smooth and ϕ′ ≥ 0. Thus E(u˜) =
T2,E.
The mass lims→−∞
∫
{s}×S1 u
∗λE of u˜ at s = −∞ is equal to 0 and this implies
that u˜ has a removable singularity at s = −∞, see [26]. Removing it, we obtain
the desired J˜E-holomorphic plane u˜1,E = (a1,E , u1,E) : C → R ×WE asymptotic
to P2,E at its positive puncture. One can check that u1,E is an embedding and by
construction we have u1,E(C) = U1,E , where U1,E = {q1+p1 = 0, q1 < 0}∩K−1(E)
is a hemisphere of the embedded 2-sphere ∂SE , which has P2,E as the equator.
Now starting with a solution h = h(s) of (5.9) with h(0) ∈ (−h∗E , 0), we can
proceed in the same way in order to find a finite energy J˜E-holomorphic plane
u˜2,E = (a2,E , u2,E) : C→ R×WE , also asymptotic to P2,E at its positive puncture,
but now converging to P2,E through the opposite direction, i.e., u2,E(C) = U2,E,
where U2,E = {q1+p1 = 0, q1 > 0}∩K−1(E) is the other hemisphere of ∂SE . This
completes the proof of Proposition 5.1.
U1,E
P2,E
U2,E
Figure 5.1. So far we have obtained the binding orbit P2,E and
the pair of rigid planes U1,E = u1,E(C) and U2,E = u2,E(C).
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6. Proof of Proposition 2.9
In this section we prove Proposition 2.9 which is restated below.
Proposition 6.1. If E > 0 is sufficiently small, then the following holds:
i) There exist a sequence of nondegenerate weakly convex contact forms λn on
WE satisfying kerλn = kerλE , ∀n, λn → λE in C∞ as n → ∞ and a se-
quence of dλE−compatible complex structures Jn ∈ Jreg(λn) ⊂ J (λE) sat-
isfying Jn → JE in C∞ as n→∞ so that for all n sufficiently large, J˜n =
(λn, Jn) admits a stable finite energy foliation F˜n of R×WE which projects
in WE onto a 3 − 2− 3 foliation Fn adapted to λn. Let P3,n, P2,n, P ′3,n be
the nondegenerate binding orbits of Fn with Conley-Zehnder indices 3, 2, 3,
respectively. Then P2,n → P2,E as n → ∞ and there exist unknotted pe-
riodic orbits P3,E ⊂ S˙E and P ′3,E ⊂ S˙′E of λE , both with Conley-Zehnder
index 3, such that P3,n → P3,E and P ′3,n → P ′3,E in C∞ as n→∞.
ii) After changing coordinates with suitable contactomorphisms C∞-close to
the identity map, we can assume that P3,n = P3,E , P2,n = P2,E , P
′
3,n = P
′
3,E
as point sets in WE for all large n, and that there are sequences of constants
c3,n, c
′
3,n, c2,n → 1 as n→∞ such that
λn|P3,E = c3,nλE |P3,E ,
λn|P ′3,E = c′3,nλE |P ′3,E ,
λn|P2,E = c2,nλE |P2,E .
In order to prove Proposition 6.1, fix E > 0 sufficiently small and let λn =
fnλE , fn ∈ C∞(WE , (0,+∞)), be a sequence of nondegenerate contact forms on
WE satisfying λn → λE in C∞ as n → ∞. The existence of such a sequence is
proved in [28, Proposition 6.1].
For each large n, we choose Jn ∈ Jreg(λn) ⊂ J (λE) so that the pair J˜n =
(λn, Jn) admits a stable finite energy foliation F˜n as in Theorem 2.7. Since Jreg(λn)
is dense in the set J (λE) of dλE -compatible complex structures on ξ, with the C∞-
topology, we can assume that Jn → JE in C∞ as n → ∞, where JE ∈ J (λE) is
given by Proposition 2.8.
The projection Fn = p(F˜n) onto WE is a global system of transversal sections
adapted to λn, where p : R ×WE → WE denotes the projection onto the second
factor. We know from Proposition 2.2 that, for all large n, λn is weakly convex and
admits only one periodic orbit P2,n with Conley-Zehnder index 2 and, moreover,
any periodic orbit of λn with Conley-Zehnder index 3 is not linked to P2,n. Hence
Fn must be a 3 − 2 − 3 foliation adapted to λn as described in Theorem 2.7-iv).
Denote by P3,n = (x3,n, T3,n) and P
′
3,n = (x
′
3,n, T
′
3,n) the binding orbits of Fn
having Conley-Zehnder index 3.
From Proposition 4.1 we find E∗ > 0 small and a neighborhood U4π ⊂ UE∗
of pc so that for all fixed 0 < E < E
∗ sufficiently small and large n, P3,n and
P ′3,n do not intersect U4π, each one lying on a different component of WE \ U4π,
in particular, on a different component of WE \ ∂SE, say S˙E and S˙′E , respectively,
without loss of generality. Moreover, from the proof of Proposition 4.1-iii) we see
that there exists η¯ > 0 so that the argument η(t) of any non-vanishing transverse
linearized solution along x3,n and x
′
3,n satisfies η˙ > η¯, which implies that T3,n and
T ′3,n are uniformly bounded in n. This follows from the fact that CZ(P3,n) =
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CZ(P ′3,n) = 3, ∀n. From Arzela`-Ascoli theorem we find periodic orbits P3,E and
P ′3,E of λE , geometrically distinct to P2,E , each one lying on a different component
of WE \ ∂SE , so that P3,n → P3,E and P ′3,n → P ′3,E in C∞ as n → ∞, up to
extraction of a subsequence. Since CZ(P3,n) = CZ(P
′
3,n) = 3, since λE is weakly
convex and since P2,E is the only periodic orbit with Conley-Zehnder index 2, we
get that CZ(P3,E) = CZ(P
′
3,E) = 3. Moreover, P3,E and P
′
3,E are simply covered
since otherwise their indices would be ≥ 5, see [28]. This also implies that P3,E and
P ′3,E are unknotted. This proves Proposition 6.1-i).
The proof of Proposition 6.1-ii) makes use of Moser’s trick but a preparation is
necessary. Let U ⊂ WE be a small tubular neighborhood of P , where P is one
of the orbits P2,E , P3,E or P
′
3,E and denote by Pn the corresponding sequence of
periodic orbits of λn converging to P in C
∞ as n → ∞. Since Pn → P in C∞ as
n→ ∞, we find a sequence of diffeomorphisms ϕn : WE → WE supported in U so
that ϕn → Id|WE in C∞ as n → ∞ and ϕn(P ) = Pn. See [37, Lemma 4.2] for a
proof. Letting µn = ϕ
∗
nλn, we have that µn → λE in C∞ as n→∞ and that P is
the geometric image of a periodic orbit of µn.
Consider Martinet’s coordinates (ϑ, x, y) ∈ S1 × R2 in U around P ≡ S1 × {0},
see Appendix A. In these coordinates we have λE = g(ϑ, x, y) · (dϑ+ xdy), where g
is a smooth and positive function. We may work on the universal cover R× R2 of
S1×R2 and in this case we consider ϑ ∈ R. We modify µn, using these coordinates,
in order that
(6.1) kerµn|P = kerλn|P = kerλE |P = span{∂x, ∂y}.
To achieve (6.1) let a0,n(ϑ), b0,n(ϑ), ϑ ∈ R, be 1-periodic functions such that
kerµn|(ϑ,0,0) = span{a0,n(ϑ)∂ϑ + ∂x, b0,n(ϑ)∂ϑ + ∂y}, ∀ϑ ∈ R.
Since µn → λE , we have a0,n, b0,n → 0 in C∞ uniformly in ϑ as n → ∞. Fix
a cut-off function f : U → [0, 1] which does not depend on ϑ, is equal to 1 near
P and 0 outside a small tubular neighborhood of P . Let ψ0,n : U → U be the
diffeomorphism defined by
ψ0,n(ϑ, x, y) = (ϑ+ f(ϑ, x, y)(a0,n(ϑ)x + b0,n(ϑ)y), x, y).
Let µ¯n := ψ
∗
0,nµn. One easily checks that dψ0,n(ϑ, 0, 0) · ∂x = a0,n(ϑ)∂ϑ + ∂x and
dψ0,n(ϑ, 0, 0) · ∂y = b0,n(ϑ)∂ϑ + ∂y, hence µ¯n satisfies
(6.2) ker µ¯n|P = span{∂x, ∂y} = kerλE |P .
Observe that ψ0,n fixes P ≡ S1 × {0} and that µ¯n → λE in C∞ as n → ∞ since
ψ0,n → Id|U in C∞ as n →∞. We replace µn with µ¯n keeping µn in the notation
for simplicity.
Another modification on µn is necessary. From (6.2), we can find hn : S
1 → R
such that
(6.3) µn|(ϑ,0,0) = hn(ϑ)λE |(ϑ,0,0).
Define Tn(ϑ) by
(6.4)
∫ Tn(ϑ)
0
hn(τ)dτ = cnϑ,
where cn :=
∫ 1
0 hn(τ)dτ. Note that Tn(0) = 0 and Tn(1) = 1.
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Let ψ1,n : U → U be the diffeomorphism defined by
ψ1,n(ϑ, x, y) = (ϑ+ f(ϑ, x, y) (Tn(ϑ)− ϑ) , x, y) ,
where f is the cut-off function constructed above. Note that hn → 1 in C∞
uniformly in ϑ as n → ∞ since µn → λE in C∞ as n → ∞. Let µ¯n = ψ∗1,nµn.
From (6.3), (6.4) and the fact that λE |(ϑ,0,0) · ∂ϑ = T , ∀ϑ ∈ S1, where T is the
period of P with respect to λE , we obtain that µ¯n|(ϑ,0,0) · ∂ϑ = cnλE |(ϑ,0,0) · ∂ϑ.
Thus equation (6.2) is improved by
(6.5) µ¯n|(ϑ,0,0) = cnλE |(ϑ,0,0), ∀ϑ ∈ S1.
Again we replace µn with µ¯n keeping µn in the notation. Since hn → 1, we have
cn → 1 and, therefore, Tn → Id and ψ1,n → Id|U in C∞ uniformly in ϑ as n→∞.
This implies that µn → λE in C∞ as n → ∞. Note further that ψ1,n also fixes
P ≡ S1 × {0}.
Since the diffeomorphisms above are supported near P , we can change the initial
sequence λn to a new sequence of contact forms µn which satisfy
(6.6) µn|P = cnλE |P
simultaneously for each one of the periodic orbits P3,E , P
′
3,E and P2,E for constants
c3,n, c
′
3,n, c2,n → 1 as n → ∞. Observe that by construction P3,E , P ′3,E and P2,E
are geometric images of periodic orbits of µn.
Finally, we use Moser’s trick in order to modify µn so that kerµn = kerλE for all
n. Consider for t ∈ [0, 1] the family of 1-forms µt = tµn+(1−t)λE, which are contact
forms for all large n. We fix n large and omit the dependence of the functions on n
to simplify the notation. We construct an isotopy ρt :WE →WE , t ∈ [0, 1], so that
(6.7) ρ∗tµt = gtλE ,
where gt, t ∈ [0, 1], is a smooth family of positive functions, satisfying g0 ≡ 1. This
isotopy is generated by a time-dependent vector field Xt on WE , so that Xt|P ≡ 0
for t ∈ [0, 1]. In fact in order to have these conditions, we choose Xt ⊂ kerµt
satisfying
(6.8) iXtdµt|kerµt = (λE − µn)|kerµt .
Since dµt|kerµt is nondegenerate, Xt is uniquely defined for all t ∈ [0, 1]. From (6.8)
and since Xt ⊂ kerµt, we have
d
dt
ρ∗tµt =ρ
∗
t
(
LXtµt +
d
dt
µt
)
=ρ∗t (iXtdµt + diXtµt + µn − λE)
=ρ∗t (atµt)
=(at ◦ ρt)ρ∗tµt,
which implies that ρ∗tµt = e
∫
t
0
as◦ρsdsλE . Thus defining gt :WE → (0,∞) by
gt = e
∫
t
0
as◦ρsds
we obtain (6.7).
For each large n, we define ψn : WE → WE by ψn := ρ1, f¯n : WE → (0,∞)
by f¯n := g1 and λ¯n := ψ
∗
nµn. Since µn → λE in C∞ as n → ∞, it follows from
(6.8) that Xt, t ∈ [0, 1], converges to the null vector field in C∞ as n → ∞. This
implies that ψn → IdWE and λ¯n → λE in C∞ as n → ∞. Moreover, from (6.7)
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we see that λ¯n = f¯nλE and therefore ker λ¯n = kerλE . Since kerµt|P = kerµn|P =
kerλE |P = span{∂x, ∂y}, we have from (6.8) that Xt|P ≡ 0, ∀t ∈ [0, 1], hence P
is the geometric image of a periodic orbit of λ¯n and we still have λ¯n|P = cnλE |P ,
with cn → 1 as n→∞.
This procedure is done simultaneously for the periodic orbits P = P3,E , P = P
′
3,E
and P = P2,E , and we obtain a sequence of nondegenerate weakly convex contact
forms λ¯n on WE satisfying the requirements of the statement for the constants
c3,n, c
′
3,n and c2,n constructed above. Notice that c3,nT3,E , c
′
3,nT
′
3,E and c2,nT2,E are
the periods of P3,n, P
′
3,n and P2,n, with respect to the Reeb flow of λ¯n, respectively.
Observe that the map Tn := ϕn ◦ ψ0,n ◦ ψ1,n ◦ ψn : WE → WE supported near
P2,E ∪ P3,E ∪ P ′3,E induces the contact form λ¯n := T ∗nλn, with ker λ¯n = kerλn =
kerλE , and also induces the complex structure J¯n = T
∗
nJn ∈ Jreg(λ¯n). Let ˜¯Jn be
the almost complex structure induced by the pair (λ¯n, J¯n). The map T¯n : R×WE →
R×WE given by (a, u) 7→ (a, Tn(u)) satisfies ˜¯Jn = T¯ ∗n J˜n and therefore ˜¯Jn admits
a stable finite energy foliation ¯˜Fn := T¯−1n (F˜n) with the same properties of F˜n. We
keep using the notation λn, Jn, J˜n, F˜n instead of λ¯n, J¯n, ˜¯Jn, ¯˜Fn. Proposition 6.1-ii)
is proved.
U1,E
P3,E
P2,E
U2,E
Figure 6.1. So far we have obtained the binding orbits P2,E , P3,E
and the pair of rigid planes U1,E = u1,E(C) and U2,E = u2,E(C).
7. Proof of Proposition 2.10-i)
At this point, for all E > 0 sufficiently small, we have sequences
C∞(WE , (0,∞)) ∋ fn → 1,
J (λE) ⊃ Jreg(λn) ∋ Jn → JE ,
as n→∞, both convergences in C∞. Moreover, the following holds:
• λE admits unknotted periodic orbits
P3,E = (x3,E , T3,E), P
′
3,E = (x
′
3,E , T
′
3,E) and P2,E = (x2,E , T2,E)
with CZ(P3,E) = CZ(P
′
3,E) = 3 and CZ(P2,E) = 2. P3,E ⊂ S˙E , P ′3,E ⊂ S˙′E
and P2,E ⊂ ∂SE = ∂S′E. J˜E = (λE , JE) admits a pair of rigid planes
u˜1,E = (a1,E , u1,E), u˜2,E = (a2,E , u2,E) : C→ R×WE , both asymptotic to
P2,E , so that u1,E(C) = U1,E and u2,E(C) = U2,E are the hemispheres of
∂SE .
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• For all n, λn = fnλE admits unknotted periodic orbits
P3,n = (x3,n, T3,n), P
′
3,n = (x
′
3,n, T
′
3,n) and P2,n = (x2,n, T2,n)
with CZ(P3,n) = CZ(P
′
3,n) = 3 and CZ(P2,n) = 2. Moreover, P3,n = P3,E ,
P ′3,n = P
′
3,E and P2,n = P2,E as point sets in WE and for all n
fn|P3,E = c3,n, fn|P ′3,E = c′3,n, fn|P2,E = c2,n,
dfn|P3,E = dfn|P ′3,E = dfn|P2,E = 0,
where the constants c3,n, c
′
3,n, c2,n → 1 as n→∞. We also have
T3,n = c3,nT3,E → T3,E,
T ′3,n = c
′
3,nT
′
3,E → T ′3,E
T2,n = c2,nT2,E → T2,E,
as n→∞.
• The pair J˜n = (λn, Jn) admits a stable finite energy foliation F˜n, which
projects onto a 3− 2− 3 foliation Fn adapted to λn having P3,n, P ′3,n and
P2,n as binding orbits.
• F˜n contains a pair of rigid planes u˜1,n = (a1,n, u1,n), u˜2,n = (a2,n, u2,n) :
C → R × WE , both asymptotic to P2,n. u1,n(C) ∪ P2,n ∪ u2,n(C) is a
topological embedded 2-sphere in WE . In fact this sphere is at least C
1
and separates WE in two components whose closures, denoted by Sn and
S′n, are both topological closed 3-balls and satisfy ∂Sn = ∂S
′
n = u1,n(C) ∪
P2,n∪u2,n(C). Moreover, P3,n ⊂ S˙n := Sn \∂Sn and P ′3,n ⊂ S˙′n := S′n \∂S′n
for all n.
• The Reeb vector field Xλn is transverse to u1,n and u2,n, points inside Sn
at u1,n(C) and points inside S
′
n at u2,n(C).
In this section we prove Proposition 2.10-i) restated below.
Proposition 7.1. If E > 0 is sufficiently small then, up to suitable reparametriza-
tions and R-translations, u˜i,n → u˜i,E, i = 1, 2, in C∞loc as n → ∞, where u˜i,E are
the rigid planes obtained in Proposition 2.8. Moreover, given a small neighborhood
U ⊂WE of ∂SE = u1,E(C) ∪ P2,E ∪ u2,E(C), there exists n0 ∈ N so that if n ≥ n0,
then u1,n(C) ∪ P2,n ∪ u2,n(C) ⊂ U .
We will need the following lemma.
Lemma 7.2. P2,E is the periodic orbit of λE with minimal action and, except by its
covers, all other periodic orbits have action bounded below by a constant Tmin > 0
which does not depend on E > 0 small.
Proof. According to Proposition 2.1, the contact form λE near P2,E is given in local
coordinates by λE =
1
2
∑
i=1,2 pidqi − qidpi|K−1(E). In such coordinates we have
P2,E =
{
I2 =
E
ω +O(E
2), q1 = p1 = 0
}
, see (3.2). Then the action of P2,E satisfies∫
P2,E
λE = T2,E =
2πE
ω
+O(E2)→ 0 as E → 0+.
Arguing indirectly, let us assume that there exists a sequence Ek → 0+ and
periodic orbits Qk = (yk, Tk) ∈ P(λEk), which are not covers of P2,Ek , with
(7.1) 0 <
∫
Qk
λEk → 0 as k →∞.
SYSTEMS OF TRANSVERSAL SECTIONS NEAR CRITICAL ENERGY LEVELS 49
Let δ0 > 0 be any fixed small constant. From Proposition 2.1, we haveWE →W0
and λE → λ¯0 in C∞ as E → 0+ outside Bδ0(0) ⊂ UE∗ , where λ¯0 is a contact form
on S˙0 ∪ S˙′0 and E∗ > 0 is small.
If Qk is contained outside Bδ0(0) for all k, then by Arzela`-Ascoli theorem we find
a constant Reeb orbit of λ¯0 on S˙0 ∪ S˙′0 = W0 \ {pc}. This is a contradiction and
we conclude that Qk must intersect Bδ0(0). Now since Qk is not a cover of P2,Ek ,
Qk must contain a branch qk inside B2δ0(0) \ Bδ0(0), from ∂Bδ0(0) to ∂B2δ0(0),
for all k. This follows from the local behavior of the flow near the saddle-center
equilibrium point. Therefore we find a uniform constant ǫ > 0 so that∫
Qk
λEk >
∫
qk
λEk > ǫ, ∀k large.
This contradicts (7.1) and proves the existence of Tmin > 0 as in the statement. 
Our aim is to show that, after reparametrization and R-translation, u˜i,n → u˜i,E
in C∞loc as n→∞, i = 1, 2. We denote u˜i,n = (ai,n, ui,n) simply by u˜n = (an, un).
Now we have
(7.2) E(u˜n) =
∫
C
u∗ndλn = T2,n → T2,E =
2πE
ω
+O(E2) as n→∞.
After a reparametrization z 7→ αz, α > 0, and a translation in the R-direction of
u˜n, we can assume that for all n we have
(7.3) an(0) = 0 = min
z∈C
an(z) and
∫
D
u∗ndλn = T2,n − γ0,
where 0 < γ0 ≪ T2,E is fixed and D = {z ∈ C : |z| ≤ 1} is the closed unit disk.
For each n, we have the Riemannian metric on R×WE induced by J˜n = (λn, Jn),
given by
〈u, v〉n := da(u)da(v) + λn(u)λn(v) + dλn(u, Jn · v),
where λn is seen as a 1-form on R×WE via the projection onto the second factor
p : R×WE →WE . Its norm is denoted by |u|n =
√〈u, u〉n. Let
|∇u˜n(z)|n = max
{∣∣∣∣∂u˜n∂s (z)
∣∣∣∣
n
,
∣∣∣∣∂u˜n∂t (z)
∣∣∣∣
n
}
Proposition 7.3. If E > 0 is sufficiently small, then |∇u˜n(z)|n is uniformly
bounded in z ∈ C and in n ∈ N. Moreover, there exists a finite energy J˜E-
holomorphic plane u˜ : C → R ×WE, asymptotic to P2,E , so that, up to extraction
of a subsequence, u˜n → u˜ in C∞loc as n→∞.
To prove this proposition we make use of the Lemma 7.2, the normalization (7.3)
and the topological lemma below.
Lemma 7.4 (Ekeland-Hofer’s Lemma [22]). Let (X, d) be a complete metric space
and f : X → [0,∞) be a continuous function. Given z ∈ X and ǫ > 0, there exists
0 < ǫ′ ≤ ǫ and z′ ∈ X such that ǫ′f(z′) ≥ ǫf(z), d(z, z′) ≤ 2ǫ′ and f(y) ≤ 2f(z′) if
d(y, z′) ≤ ǫ′.
Proof of Proposition 7.3. Arguing indirectly we find a subsequence of u˜n, still de-
noted by u˜n, and a sequence zn ∈ C such that
|∇u˜n(zn)|n →∞.
50 NAIARA V. DE PAULO AND PEDRO A. S. SALOMA˜O
Take any sequence of positive numbers ǫn → 0+ satisfying
(7.4) ǫn|∇u˜n(zn)|n →∞.
Using Lemma 7.4 for X = (C, | · |C) and f = |∇u˜n(·)|n, we assume furthermore,
perhaps after slightly changing zn, ǫn, that
(7.5) |∇u˜n(z)|n ≤ 2|∇u˜n(zn)|n, for all |z − zn| ≤ ǫn.
Defining the new sequence of J˜n-holomorphic maps w˜n : C→ R×WE by
w˜n(z) = (bn(z), wn(z)) =
(
an
(
zn +
z
Rn
)
− an(zn), un
(
zn +
z
Rn
))
,
with Rn = |∇u˜n(zn)|n, we see from (7.5) that
w˜n(0) ∈ {0} ×WE ,
|∇w˜n(z)|n ≤ 2, ∀|z| ≤ ǫnRn.
From an elliptic bootstrapping argument, we get C∞loc-bounds for the sequence w˜n
and, since ǫnRn → ∞, after taking a subsequence we have w˜n → w˜ in C∞loc as
n → ∞, where w˜ = (b, w) : C → R ×WE is a J˜E-holomorphic plane satisfying
b(0) = 0 and |∇w˜(0)|E = 1, where | · |E denotes the norm induced by J˜E = (λE , JE)
on R×WE . Therefore w˜ is non-constant and from (7.2), we have
(7.6) E(w˜) ≤ T2,E ⇒
∫
C
w∗dλE ≤ T2,E.
Since P2,E is hyperbolic, we get from Lemma 7.2 and Theorem A.3 that w˜ is
asymptotic to P2,E at ∞. In particular,
(7.7) E(w˜) =
∫
C
w∗dλE = T2,E .
We must have lim
n→∞
|zn| = 1, otherwise for any ǫ > 0 we take a subsequence with
either |zn| ≥ 1 + ǫ or |zn| ≤ 1− ǫ, ∀n, and then we obtain from (7.3) that∫
BR(0)
w∗dλE = lim
n→∞
∫
BR(0)
w∗ndλn
≤ lim sup
n→∞
∫
BǫnRn (0)
w∗ndλn
= lim sup
n→∞
∫
Bǫn (zn)
u∗ndλn
≤ lim sup
n→∞
max{γ0, T2,n − γ0} = max{γ0, T2,E − γ0} = T2,E − γ0
for any R > 0. This implies
∫
C
w∗dλE ≤ T2,E − γ0 < T2,E, contradicting (7.7).
Thus after taking a subsequence we assume zn → z∗ ∈ ∂D. The point z∗ is
called a bubbling-off point for u˜n. Since z∗ takes away T2,E > 0 from the dλE -
energy, there cannot be any other bubbling-off point for the sequence u˜n other
than z∗. Hence from (7.3) and elliptic regularity we have C∞loc-bounds for u˜n in
C \ {z∗}. Taking a subsequence we have u˜n → v˜ for a J˜E-holomorphic cylinder
v˜ = (d, v) : C \ {z∗} → R×WE which is non-constant since from (7.3) we have
(7.8)
∫
{|z|=2}
v∗λE = lim
n→∞
∫
{|z|=2}
u∗nλn ≥ T2,E − γ0 > 0.
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Moreover, from Fatou’s lemma, we get
(7.9) E(v˜) ≤ T2,E,
and from (7.7) we have
(7.10)
∫
C\{z∗}
v∗dλE = 0.
From (7.8) and (7.10) we see that z∗ is non-removable and from the characterization
of finite energy cylinders with vanishing dλE -energy, see [26, Theorem 6.11], we
find a periodic orbit P ⊂ WE of λE so that v˜ maps C \ {z∗} onto R × P . In
particular, from (7.9) and Lemma 7.2 we must have P = P2,E . However, from
(7.3), the R-component of v˜ is bounded from below by 0. This contradiction proves
the first assertion of this proposition. From (7.3) and usual elliptic regularity,
we obtain C∞loc-bounds for our sequence u˜n, thus we find a J˜E-holomorphic plane
u˜ = (a, u) : C → R ×WE so that, up to extraction of a subsequence, u˜n → u˜ in
C∞loc as n→∞. From (7.2) and (7.3) we have 0 < E(u˜) ≤ T2,E . From Lemma 7.2
and Theorem A.3, u˜ is asymptotic to P2,E at ∞ and hence E(u˜) = T2,E. 
Lemma 7.5. Let u˜ = (a, u) : C → R × WE be as in Proposition 7.3 so that
u˜n → u˜ in C∞loc as n → ∞. Given an S1-invariant open neighborhood W of the
loop S1 ∋ t 7→ x2,E(tT2,E) in C∞(S1,WE), there exists R0 > 0 such that for all
R ≥ R0 and all large n, the loop t 7→ un(Re2πit) is contained in W. In particular,
given any small neighborhood U of u(C) ∪ P2,E in WE, there exists n0 ∈ N so that
if n ≥ n0 then un(C) ⊂ U .
Proof. First we claim that for every ǫ > 0 and every sequence Rn → +∞, there
exists n0 ∈ N such that for all n ≥ n0, we have∫
C\BRn (0)
u∗ndλn ≤ ǫ.
Arguing indirectly we may assume there exist ǫ > 0 and a sequence Rn → +∞
satisfying ∫
C\BRn (0)
u∗ndλn > ǫ, ∀n.
The dλn-energy of u˜n is equal to T2,n. We conclude that for all S0 > 0 and large n
we have ∫
BS0(0)
u∗ndλn ≤ T2,n − ǫ.
Since u˜n → u˜ in C∞loc, we have∫
BS0(0)
u∗dλE ≤ T2,E − ǫ,
which implies that
∫
C
u∗dλE ≤ T2,E−ǫ, since S0 is arbitrary. This is in contradiction
with E(u˜) = T2,E and hence proves the claim.
In order to prove the lemma we again argue indirectly and assume that the loops
t 7→ unj (Rnj e2πit) are not contained in W for subsequences u˜nj = (anj , unj ) and
Rnj , also denoted by u˜n and Rn, respectively. Let v˜n = (bn, vn) : R×S1 → R×WE
be defined by
v˜n(s, t) = (bn(s, t), vn(s, t)) =
(
an
(
Rne
2π(s+it)
)
− an(Rn), un
(
Rne
2π(s+it)
))
.
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Observe that for all n, bn(0, 0) = 0 and t 7→ vn(0, t) is not contained in W .
From the claim above we see that the sequence v˜n has C
∞
loc-bounds since any
bounded sequence zn ∈ R × S1 with |∇v˜n(zn)|n → ∞ would take away at least
T2,E from the dλE -energy, which is impossible since zn corresponds to points wn ∈ C
for u˜n with limn→∞ |wn| = +∞. So we find a J˜E-holomorphic cylinder v˜ = (a, v) :
R× S1 → R×WE such that, up to extraction of a subsequence, v˜n → v˜ in C∞loc as
n→∞. Hence for all fixed S0 > 0 and all ǫ > 0∫
[−S0,S0]×S1
v∗dλE ≤ lim sup
n
∫
[−S0,S0]×S1
v∗ndλn
≤ lim sup
n
∫
B
Rne
2πS0 (0)\BRne−2πS0 (0)
u∗ndλn
≤ǫ,
for all large n. This implies that
∫
R×S1 v
∗dλE = 0. Moreover, from (7.3)
T2,E ≥
∫
{0}×S1
v∗λE = lim
n→∞
∫
{0}×S1
v∗nλn = limn→∞
∫
∂BRn (0)
u∗nλn ≥ T2,E − γ0 > 0.
It follows that v˜ is non-constant and, from Lemma 7.2, v˜ is a cylinder over P2,E .
This contradicts the fact that the loop t 7→ v(0, t) is not contained in W . 
Now we prove that u˜1,n → u˜1,E and u˜2,n → u˜2,E in C∞loc as n → ∞, up to
reparametrization and R-translation. From Proposition 7.3, u˜1,n satisfying (7.3)
converges, up to extraction of a subsequence, to a finite energy J˜E-holomorphic
plane u˜ : C → R × WE as n → ∞, which is asymptotic to P2,E . From the
uniqueness of such J˜E-holomorphic planes, see Proposition C.1, we find j1 ∈ {1, 2}
so that u˜ = u˜j1,E up to reparametrization and R-translation. In the same way,
we find j2 ∈ {1, 2} so that u˜2,n → u˜j2,E in C∞loc as n → ∞, up to a subsequence,
possibly after reparametrization and R-translation.
Let U ⊂WE be a small neighborhood of ∂SE = u1,E(C)∪P2,E ∪u2,E(C) so that
U does not intersect P3,E ∪ P ′3,E . Denote by u¯1,n, u¯2,n the continuous extensions
of u1,n, u2,n over the circle S
1 at ∞ for all n, so that u¯1,n(S1) = u¯2,n(S1) = P2,E .
From Lemma 7.5, u¯1,n(C), u¯2,n(C) ⊂ U for all large n. Any homotopy from u¯1,n to
u¯2,n inside WE , which keeps the boundary P2,E fixed, cannot be supported inside
U and must intersect P3,E ∪ P ′3,E , for all large n.
Let U1,U2 ⊂ U be small tubular neighborhoods of u1,E(C)∪P2,E , u2,E(C)∪P2,E ,
respectively. Arguing indirectly assume j1 = j2. By Lemma 7.5, u¯1,n(C), u¯2,n(C) ⊂
Uj1 for large n. This implies that for large n, u¯1,n is homotopic to u¯2,n, keeping the
boundary P2,E fixed, through a homotopy which does not intersect P3,E ∪ P ′3,E , a
contradiction. Thus j1 6= j2. Now since Xλn |u1,n(C) points inside the component S˙n
of WE \ (u1,n(C) ∪ P2,E ∪ u2,n(C)) containing P3,E , Xλn |u2,n(C) points outside S˙n,
since XλE |u1,E(C) points inside the component S˙E ofWE \(u1,E(C)∪P2,E∪u2,E(C))
containing P3,E , XλE |u2,E(C) points outside S˙E , since u˜1,n → u˜j1,E and u˜2,n → u˜j2,E
in C∞loc as n→∞, and since Xλn → XλE in C∞ as n→∞, we conclude that j1 = 1
and j2 = 2. This finishes the proof of Proposition 7.1.
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8. Proof of Proposition 2.10-ii)
As before we have a sequence of almost complex structures J˜n = (λn, Jn) →
J˜E = (λE , JE) in C
∞ as n → ∞. For all n, J˜n admits a stable finite energy
foliation F˜n, which projects onto a 3 − 2 − 3 foliation Fn of WE . F˜n contains a
pair of rigid planes u˜1,n = (a1,n, u1,n), u˜2,n = (a2,n, u2,n) : C → R ×WE so that
u1,n(C)∪P2,n ∪ u2,n(C) ⊂WE is a topological embedded 2-sphere which separates
WE in two components S˙n and S˙
′
n, both diffeomorphic to the open 3-ball. S˙n and
S˙′n contain the binding orbits P3,n and P
′
3,n, respectively. Moreover, F˜n contains a
pair of J˜n-rigid cylinders v˜n = (bn, vn), v˜
′
n = (b
′
n, v
′
n) : R × S1 → R ×WE so that
vn(R× S1) ⊂ S˙n \ P3,n and v′n(R × S1) ⊂ S˙′n \ P ′3,n. v˜n is asymptotic to P3,n and
P2,n at s = +∞ and s = −∞, respectively. In the same way, v˜′n is asymptotic to
P ′3,n and P2,n at s = +∞ and s = −∞, respectively.
In this section we prove Proposition 2.10-ii) restated below.
Proposition 8.1. If E > 0 is sufficiently small then, up to suitable reparametriza-
tions and R-translations, the following holds: there exist finite energy J˜E-holomorphic
embedded cylinders v˜E = (bE , vE), v˜
′
E = (b
′
E , v
′
E) : R × S1 → R ×WE, with vE
and v′E embeddings, v˜E asymptotic to P3,E and P2,E, v˜
′
E asymptotic to P
′
3,E and
P2,E at s = +∞ and s = −∞, respectively, so that v˜n → v˜E and v˜′n → v˜′E in
C∞loc as n → ∞. We denote VE = vE(R × S1) and V ′E = v′E(R × S1). Then
VE ⊂ S˙E \ P3,E and V ′E ⊂ S˙′E \ P ′3,E. Furthermore, given small neighborhoods
U ⊂WE of VE ∪P2,E ∪P3,E and U ′ ⊂WE of V ′E ∪P2,E ∪P ′3,E, there exists n0 ∈ N
so that if n ≥ n0, then vn(R× S1) ⊂ U and v′n(R× S1) ⊂ U ′.
In order to prove Proposition 8.1, we only deal with the compactness properties
of v˜n, since the case v˜
′
n is completely analogous.
We can choose embedded 2-spheres in WE which separate P3,n and P2,n for all
n. In local coordinates, for instance, these embedded 2-spheres can be defined by
N δE := {q1 + p1 = δ} ∩K−1(E),
where δ > 0 is small, see Lemma 1.4.
Now we reparametrize the sequence v˜n(s, t) and slide it in the R-direction in the
following way: let (sn, tn) ∈ R×S1 be such that vn(sn, tn) ∈ N δE and vn(s, ·)∩N δE =
∅, ∀s > sn. The existence of (sn, tn) follows from the compactness of N δE and from
the asymptotic properties of v˜n. We define the sequence w˜n = (dn, wn) : R×S1 →
R×WE of J˜n-holomorphic cylinders by
w˜n(s, t) = (bn(s+ sn, t+ tn)− bn(1 + sn, tn), vn(s+ sn, t+ tn)), ∀(s, t) ∈ R× S1,
which we again denote by v˜n = (bn, vn). Thus we can assume that
(8.1)
vn(s, t) ∈ U δE , ∀s > 0, t ∈ S1,
v˜n(0, 0) ∈ R×N δE and v˜n(1, 0) ∈ {0} × U δE ,
where U δE is the component of WE \N δE containing P3,E .
Proposition 8.2. For E > 0 sufficiently small, |∇v˜n(z)|n is uniformly bounded
in z ∈ R × S1 and in n ∈ N. Moreover, there exists a J˜E-holomorphic cylinder
v˜E = (bE , vE) : R × S1 → R ×WE such that v˜n → v˜E in C∞loc as n → ∞, up to a
shift in the S1-direction in the domain for each v˜n. The cylinder v˜E is asymptotic
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to P3,E at its positive puncture +∞ and asymptotic to P2,E at its negative puncture
−∞. The image vE(R× S1) is contained in S˙E \ P3,E.
Proof. Arguing indirectly we assume that up to extraction of a subsequence we find
a sequence zn = (sn, tn) ∈ R× S1 so that |∇v˜n(zn)|n →∞ as n→∞.
We first claim that lim supn→∞ sn ≤ 0. Otherwise, after extracting a subse-
quence, we find ε > 0 such that sn > ε, ∀n. Now we proceed as in Proposition 7.3.
Let Rn = |∇v˜n(zn)|n →∞ and choose a sequence ǫn → 0+ satisfying ǫnRn → +∞.
Using Lemma 7.4, we can slightly change zn and ǫn such that in addition the fol-
lowing holds
|∇v˜n(z)|n ≤ 2|∇v˜n(zn)|n, ∀|z − zn| ≤ ǫn.
Now let w˜n = (dn, wn) : BǫnRn(0)→ R×WE be the J˜n-holomorphic map defined
by
(8.2) w˜n(z) = (dn(z), wn(z)) =
(
bn
(
zn +
z
Rn
)
− bn(zn), vn
(
zn +
z
Rn
))
.
Thus w˜n(0) ∈ {0} ×WE and |∇w˜n(z)|n ≤ 2, ∀|z| ≤ ǫnRn. Since ǫnRn → +∞, we
have w˜n → w˜ = (d, w) : C → R ×WE in C∞loc up to extraction of a subsequence.
By construction w˜ is non-constant and has bounded energy from Fatou’s Lemma.
Moreover, for any fixed R > 0 and large n, we have∫
BR(0)
w∗dλE ≤ lim sup
n
∫
BǫnRn(0)
w∗ndλn
= lim sup
n
∫
Bǫn (zn)
v∗ndλn
≤ lim sup
n
∫
R×S1
v∗ndλn
= lim sup
n
(T3,n − T2,n)
=T3,E − T2,E ,
since ǫn → 0. This implies that
(8.3)
∫
C
w∗dλE ≤ T3,E − T2,E .
Since w˜ has finite energy and is non-constant, it follows from Theorem A.2 that
for any sequence rn → +∞, we can extract a subsequence, also denoted rn, and
find a periodic orbit Q = (x, T ) so that w
(
e2π(rn+it)
) → x(T t) as n → ∞. From
(8.3), we have T =
∫
C
w∗dλE < T3,E. It follows that Q is geometrically distinct
from P3,E . Moreover, by the construction of the sequence wn, Q lies on U
δ
E, the
component of WE \N δE which contains P3,E . Thus Q is also geometrically distinct
from P2,E . Now observe that since vn is an embedding which does not intersect
P3,E for each n, it follows that the image of any contractible loop in R×S1 under vn
is not linked to P3,E . This implies that the image of any loop under w is not linked
to P3,E . In particular, Q is not linked to P3,E as well. However, this contradicts
Theorem B.1 in Appendix B if E > 0 is taken sufficiently small. We conclude that
lim supn→∞ sn ≤ 0.
In the following we exclude the possibility of bubbling-off points in (−∞, 0]×S1.
Let Γ ⊂ R×S1 be the set of points z = (s, t) ∈ R×S1 such that for a subsequence
v˜nj of v˜n, there exists a sequence zj → z satisfying |∇v˜nj (zj)|nj → ∞ as j → ∞.
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We claim that Γ = ∅. Arguing indirectly, assume that Γ 6= ∅ and choose z∗0 ∈ Γ.
The subsequence v˜nj of v˜n satisfying |∇v˜nj (zj)|nj → ∞ and zj → z∗0 as j → ∞
is again denoted by v˜n. Let Γ1 be the set of points z = (s, t) ∈ (R × S1) \ {z∗0}
such that for a subsequence v˜nj of v˜n, there exists a sequence zj → z satisfying
|∇v˜nj (zj)|nj → ∞ as j → ∞. From (8.1), if Γ1 = ∅ then, up to extraction of
a subsequence, v˜n → v˜ : (R × S1) \ {z∗0} → R × WE in C∞loc as n → ∞. If
Γ1 6= ∅, then we proceed in the same way: choose z∗1 ∈ Γ1 and denote again
by v˜n the subsequence v˜nj satisfying |∇v˜nj (zj)|nj → ∞ where zj → z∗1 as j → ∞.
Inductively, we define Γi+1 to be the set of points z = (s, t) ∈ (R×S1)\{z∗0 , . . . , z∗i }
such that for a subsequence v˜nj of v˜n, there exists a sequence zj → z satisfying
|∇v˜nj (zj)|nj →∞ as j →∞. If Γi+1 = ∅ then, up to extraction of a subsequence,
v˜n → v˜ : (R × S1) \ {z∗0 , . . . , z∗i } → R × WE in C∞loc as n → ∞. If Γi+1 6= ∅,
we choose z∗i+1 ∈ Γi+1 and denote again by v˜n the subsequence v˜nj satisfying
|∇v˜nj (zj)|nj → ∞ as j → ∞, with zj → z∗i+1. Each bubbling-off point z∗i is
contained in (−∞, 0]× S1 and takes away at least T2,E from the dλE -area, i.e., for
any fixed ǫ > 0 small and all large n we have
(8.4)
∫
Bǫ(z∗i )
v∗ndλn > T2,E − ǫ,
where ∂Bǫ(z
∗
i ) is oriented counter-clockwise. In fact, we can appropriately rescale
v˜n arbitrarily close to z
∗
i as in (8.2) in order to find a finite energy plane w˜ =
(d, w) : C → R × WE satisfying
∫
C
w∗dλE ≥ T2,E see Lemma 7.2. Now since
lim supn
∫
R×S1 v
∗
ndλn = T3,E − T2,E < ∞, (8.4) implies that the procedure above
must terminate after a finite number of steps, i.e., there exists i0 ∈ N∗ such that
Γi0+1 = ∅ and Γi0 6= ∅. So, up to extraction of a subsequence, we end up finding
a J˜E-holomorphic map v˜ = (b, v) : (R × S1) \ Γ˜ → R ×WE satisfying v˜n → v˜ in
C∞loc as n→∞, where Γ˜ := {z∗0 , . . . , z∗i0}. Moreover, from Fatou’s Lemma, we have
E(v˜) ≤ lim supn T3,n = T3,E.
All punctures in Γ˜∪{−∞}∪{+∞} are non-removable. To see this, observe that
(8.5) T2,E ≤
∫
{s}×S1
v∗λE ≤ T3,E,
for all values of s where this integral is defined, including s ∈ (0,∞) and s ≪ 0.
This implies that −∞ is a negative puncture and +∞ is a positive puncture of v˜.
Moreover, for all ǫ > 0, we have
∫
∂Bǫ(z∗i )
v˜∗λE ≥ T2,E , where ∂Bǫ(z∗i ) is oriented
counter-clockwise. This implies that all punctures z∗i are negative and thus +∞
is the only positive puncture of v˜. Since v((0,∞) × S1) lies on U δE and the loops
t 7→ vn(s, t) are not linked with P3,E , ∀s, n large, it follows from Theorem B.1
and (8.5) that if E > 0 is sufficiently small, then P3,E is the unique asymptotic
limit of v˜ at +∞ and, therefore, v(s, ·) → x3,E(T3,E·) in C∞ as s → ∞, where
P3,E = (x3,E , T3,E). Moreover, bs(s, t) → T3,E as s → +∞, see [26]. Since P3,E is
simple, we conclude that v˜ is somewhere injective, i.e., there exists z0 ∈ (R×S1)\ Γ˜
so that dv˜(z0) 6= 0 and v˜−1(v˜(z0)) = {z0}.
We claim that v˜ is asymptotic to a p-cover of P2,E at each of its negative punc-
tures. To see this, observe first that the image of v does not intersect ∂SE =
U1,E ∪ P2,E ∪ U2,E . Otherwise we would have
∫
(R×S1)\Γ˜ v
∗dλE > 0 and, from Car-
leman’s similarity principle, these intersections would be isolated. From stability
56 NAIARA V. DE PAULO AND PEDRO A. S. SALOMA˜O
and positivity of intersections of pseudo-holomorphic curves, vn(R× S1) would in-
tersect u1,n(C) ∪ P2,n ∪ u2,n(C) for all large n, a contradiction. Let Q ∈ P(λE)
be an asymptotic limit of a negative puncture. It must be contained in SE and its
action satisfies T2,E ≤
∫
Q
λE ≤ T3,E . Since for E > 0 sufficiently small, P2,E is
the only periodic orbit in SE satisfying
∫
Q
λE ≤ T3,E which is not linked to P3,E ,
see Theorem B.1, we conclude that Q coincides either with P3,E or with a p-cover
of P2,E . If it coincides with P3,E then, since we are assuming Γ˜ 6= ∅, we have∫
(R×S1)\Γ˜ v
∗dλE ≤ T3,E−T3,E−T2,E < 0, a contradiction. Thus v˜ is asymptotic to
a p−cover of P2,E at each negative puncture and, therefore, v˜ is not a cylinder over
a periodic orbit. This implies that
∫
(R×S1)\Γ˜ v
∗dλE > 0. In particular, by Carle-
man’s similarity principle, the image of v does not intersect P3,E since intersections
would be isolated and, by positivity and stability of intersections, this would imply
that vn(R× S1) intersects P3,n for all large n, a contradiction. Thus the image of
v is contained in S˙E \ P3,E .
Again from the assumption Γ˜ 6= ∅, we conclude using Proposition C.4-i)-ii) that
v admits self-intersections, i.e., there exists a pair of points z, z′ ∈ (R×S1)\ Γ˜, with
z 6= z′, satisfying v(z) = v(z′). This implies that v˜ intersects the J˜E-holomorphic
map v˜c := (b + c, v) for a suitable constant c ∈ R. Since v˜ is somewhere injective
and v˜ is not a cylinder over a periodic orbit, the intersection pairs (z, z′), z 6= z′,
with v˜(z) = v˜c(z
′), are isolated in ((R× S1) \ Γ˜)2 \ {diagonal}. From stability and
positivity of intersections of pseudo-holomorphic curves, we conclude that for all
large n, v˜n also intersects v˜n,c := (bn + c, vn), which is a contradiction since vn is
an embedding for all n.
We conclude that Γ = Γ˜ = ∅. In this case, from (8.1), we have v˜n → v˜ = (b, v) :
R× S1 → R×WE in C∞loc as n → ∞, up to extraction of a subsequence. Arguing
as above, we know that v˜ is asymptotic to P3,E at +∞ and that v˜ is somewhere
injective. We claim that v˜ is asymptotic to P2,E at −∞. To see this observe that
(8.5) holds for all s ∈ R, which implies that −∞ is a negative puncture of v˜. As
above, the image of v does not intersect ∂SE otherwise any intersection would be
isolated and from stability and positivity of intersections of pseudo-holomorphic
curves, vn(R×S1) would intersect u2,n(C)∪P2,n ∪u2,n(C) for all large n, a contra-
diction. Let Q ∈ P(λE) be an asymptotic limit of v˜ at −∞. It must be contained
in SE and its action satisfies
∫
Q λE ≤ T3,E. Since for E > 0 sufficiently small, P2,E
is the only periodic orbit in SE which is not linked to P3,E , see Theorem B.1, we
conclude that Q coincides either with P3,E or with a p-cover of P2,E . If it coincides
with P3,E then
∫
R×S1 v
∗dλE = 0 and this implies that v˜ is a cylinder over P3,E , a
contradiction with v˜(0, 0) ∈ R×N δE , see (8.1). Thus v˜ is asymptotic to a p−cover
of P2,E . If p ≥ 2, then v must self-intersect near P2,E , see Proposition C.4-i), and,
as before, we conclude that for all large n, vn is not an embedding, a contradiction.
We conclude that p = 1.
Finally we show that there are no bubbling-off points going to −∞. Arguing
indirectly, we assume this is the case for a subsequence v˜nj , i.e., there exists a
sequence zj = (sj , tj) ∈ R × S1, with sj → −∞ and |∇v˜nj (zj)|nj → ∞ as j →
∞. Denote this subsequence again by v˜n. We know that, up to extraction of a
subsequence, v˜n → v˜ in C∞loc(R× S1,R×WE) as n→∞, and that v˜ is asymptotic
to P3,E and P2,E at s = +∞ and s = −∞, respectively. Given T2,E2 > ǫ > 0 small,
we choose R > 0 large enough so that
∫
[−R,R]×S1 v
∗dλE > T3,E − T2,E − ǫ, thus
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[−R,R]×S1 v
∗
ndλn > T3,E − T2,E − ǫ for all large n. Now given ǫ0 > 0 we have∫
Bǫ0 (zn)
v∗ndλn > T2,E − ǫ for all large n. Since Bǫ0(zn) ∩ [−R,R]× S1 = ∅ for all
large n, we conclude that
T3,E − T2,E = lim
n
(T3,n − T2,n)
= lim
n
∫
R×S1
v∗ndλn
≥ lim sup
n
∫
([−R,R]×S1)∪Bǫ0 (zn)
v∗ndλn
≥T3,E − T2,E + T2,E − 2ǫ
>T3,E − T2,E
for all large n, a contradiction.
We have proved that |∇v˜n(z)|n is uniformly bounded in n ∈ N and in z ∈ R×S1.
As mentioned above, we have v˜n → v˜ : R × S1 → R ×WE in C∞loc as n → ∞, up
to extraction of a subsequence, where v˜ is non-constant, asymptotic to P3,E at its
positive puncture +∞ and asymptotic to P2,E at its negative puncture −∞. In
particular, we have
(8.6)
∫
R×S1
v∗dλE = T3,E − T2,E > 0.
Now we prove that v does not intersect P3,E , the case P2,E is similar. If v
intersects P3,E , then v˜ intersects the J˜E-holomorphic cylinder over P3,E . By Car-
leman’s similarity principle and (8.6) these intersections are isolated. By positivity
and stability of intersections, any such intersection implies intersections of v˜n with
the J˜n-holomorphic cylinder over P3,n for all large n, a contradiction. Reasoning
in the same way, we get that vE(R × S1) does not intersect u1,E(C) ∪ u2,E(C). It
follows that vE(R× S1) ⊂ S˙E \ P3,E .
In Proposition 8.3 below, we prove that v˜ converges to P3,E exponentially fast at
+∞. Since P2,E is hyperbolic, v˜ also converges exponentially fast to P2,E at −∞.
From the uniqueness of such J˜E-holomorphic cylinders, up to reparametrization
and R-translation, see Proposition C.1, we conclude that any subsequence of v˜n
has the same C∞loc-limit, denoted by v˜E = (bE , vE) : R× S1 → R×WE , which, up
to a shift in the S1-direction in the domain, is determined by normalization (8.1).
This finishes the proof of the proposition. 
Next we give a better description of the asymptotic behavior of the finite energy
cylinder v˜E = (bE , vE) obtained in Proposition 8.2 at its positive puncture. Our
aim is to prove the following more general statement.
Proposition 8.3. Let v˜E = (bE , vE) : R × S1 → R ×WE be the J˜E-holomorphic
cylinder obtained in Proposition 8.2, which is asymptotic to P3,E = (x3,E , T3,E) at
its positive puncture +∞ and to P2,E at −∞, and is the C∞loc-limit of the sequence of
J˜n-holomorphic cylinders v˜n = (bn, vn) satisfying (8.1), where E > 0 is sufficiently
small. Consider Martinet’s coordinates (ϑ, x, y) ∈ S1×R2 defined in a small tubular
neighborhood U ⊂ WE of P3,E, as explained in Appendix A, where the contact
form takes the form λE ≡ gE · (dϑ + xdy) and P3,E ≡ S1 × {0}. Let AP3,E be
the asymptotic operator associated to P3,E which assumes the form (A.5) in these
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local coordinates. Then vE(s, t) ∈ U for all s sufficiently large and, in these local
coordinates, the cylinder v˜E is represented by the functions
(bE(s, t), ϑ(s, t), x(s, t), y(s, t)), (s, t) ∈ R× S1, s≫ 0,
where
(8.7)
|Dγ(bE(s, t)− (T3,Es+ a0))| ≤ Aγe−r0s,
|Dγ(ϑ(s, t) − t− ϑ0)| ≤ Aγe−r0s,
z(s, t) := (x(s, t), y(s, t)) = e
∫
s
s0
µ(r)dr
(e(t) +R(s, t)),
|DγR(s, t)|, |Dγ(µ(s)− δ)| ≤ Aγe−r0s,
for all large s and all γ ∈ N×N, where Aγ , r0 > 0, ϑ0, a0 ∈ R are suitable constants.
ϑ(s, t) is seen as a map on R and satisfies ϑ(s, t + 1) = ϑ(s, t) + 1. Here µ(s) →
δ < 0, where δ is an eigenvalue of AP3,E and e : S
1 → R2 is an eigensection of
AP3,E associated to δ, represented in these coordinates.
Proposition 8.3 is essentially proved in [28]. Since our present situation has minor
differences, we include the main steps of the proof for completeness. We need a
preparation lemma analogous to Lemma 8.1 in [28].
Lemma 8.4. Let v˜E = (bE , vE) : R × S1 → R × WE be the finite energy J˜E-
holomorphic cylinder obtained in Proposition 8.2 as the C∞loc-limit of the sequence of
J˜n-holomorphic cylinders v˜n = (bn, vn) satisfying (8.1), where E > 0 is sufficiently
small. Given an S1-invariant neighborhood W of t 7→ x3,E(T3,Et) in the loop space
C∞(S1,WE), there exists s0 > 0 such that for all s ≥ s0 and for every large n, the
loop t 7→ vn(s, t) is contained in W .
Proof. First we claim that for every ǫ > 0 and every sequence sn → +∞, there
exists n0 ∈ N such that for all n ≥ n0, we have∫
[sn,∞)×S1
v∗ndλn ≤ ǫ.
Arguing indirectly we may assume there exists ǫ > 0 and a sequence sn → +∞
satisfying ∫
[sn,∞)×S1
v∗ndλn > ǫ, ∀n.
The dλn-energy of v˜n is equal to T3,n − T2,n. We conclude that for all S0 > 0 and
large n we have ∫
[−S0,S0]×S1
v∗ndλn ≤ T3,n − T2,n − ǫ.
Since v˜n → v˜E in C∞loc, we have∫
[−S0,S0]×S1
v∗EdλE ≤ T3,E − T2,E − ǫ,
which implies that
∫
R×S1 v
∗
EdλE ≤ T3,E − T2,E − ǫ, since S0 is arbitrary. This is in
contradiction with (8.6).
Now assume that the loops t 7→ vnj (snj , t) are not contained in W for subse-
quences v˜nj = (bnj , vnj ) and snj → +∞, also denoted by v˜n and sn, respectively.
Let
w˜n(s, t) = (dn(s, t), wn(s, t)) = (bn(s+ sn, t)− bn(sn, 0), vn(s+ sn, t)).
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Observe that for all n, dn(0, 0) = 0 and wn(0, t) /∈ W for every t ∈ S1. From Propo-
sition 8.2, this sequence has C∞loc−bounds and, therefore, we find a J˜E-holomorphic
map w˜ = (d, w) : R × S1 → R ×WE such that w˜n → w˜ in C∞loc as n → ∞. From
the previous claim we have, for all fixed r0 > 0 and all ǫ > 0, that∫
[−r0,r0]×S1
w∗dλE ≤ lim sup
n
∫
[−r0,r0]×S1
w∗ndλn
≤ lim sup
n
∫
[sn−r0,sn+r0]×S1
v∗ndλn
≤ǫ,
for all large n. This implies that
∫
R×S1 w
∗dλE = 0. Moreover,
T3,E ≥
∫
{0}×S1
w∗λE = lim
n→∞
∫
{0}×S1
w∗nλn = lim
n→∞
∫
{sn}×S1
v∗nλn ≥ T2,E.
It follows that w˜ is a cylinder over a periodic orbit Q = (x, T ) ∈ P(λE) which,
by construction, is geometrically distinct from P3,E . Now, since for all large n the
loops t 7→ wn(0, t) are contained in the component of WE \N δE which contains P3,E
from (8.1) and such loops converge to t 7→ x(tT + c0) in C∞ as n → ∞, for a
suitable constant c0, we conclude that Q is also geometrically distinct from P2,E .
Moreover, these loops are not linked to P3,E , which implies that Q is not linked to
P3,E as well. This contradicts Theorem B.1, if E > 0 is taken sufficiently small. 
Sketch of the proof of Proposition 8.3. Lemma 8.4 proves the existence of s0 ≫ 0
such that for all large n, vn(s, t) ∈ U , ∀(s, t) ∈ R × S1, s ≥ s0, where U ⊂ WE is
a small fixed neighborhood of P3,E where we have Martinet’s coordinates (ϑ, x, y).
Thus all analysis can be done in these coordinates. We denote λn = gn · (dϑ +
xdy) → λE , where gn = fngE → gE in C∞(U0) as n → ∞ and U0 ⊂ S1 × R2 is a
neighborhood of S1 × {0} ≡ P3,E .
Using a new notation, we write for each n and s ≥ s0
v˜E(s, t) = (a(s, t), ϑ(s, t), x(s, t), y(s, t)),
v˜n(s, t) = (a
n(s, t), ϑn(s, t), xn(s, t), yn(s, t)),
where the superscripts are used to simplify notation. The following equations hold
(8.8)
as = gE(v)(ϑt + xyt),
at = −gE(v)(ϑs + xys),
zs +M(s, t)zt + S(s, t)z = 0,
and for all n,
(8.9)
ans = gn(vn)(ϑ
n
t + x
nynt ),
ant = −gn(vn)(ϑns + xnyns ),
zns +M
n(s, t)znt + Sn(s, t)z
n = 0,
where z = (x, y), zn = (xn, yn), vE = (ϑ, x, y), vn = (ϑ
n, xn, yn) and S, Sn,M =
M(vE),M
n = Mn(vn) are 2 × 2 matrices, smooth in (s, t). The matrices M,Mn
correspond to the complex structures JE , Jn : ξ → ξ in the basis
{e1 = (0, 1, 0), e2 = (−x, 0, 1)} ⊂ ξ,
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and hence satisfy M2 = −I and (Mn)2 = −I. Recall that v˜n are J˜n = (λn, Jn)-
holomorphic maps and
(8.10) v˜n → v˜E in C∞loc.
In order to apply results from [28] and obtain the desired asymptotic behavior
for v˜E at +∞, we slightly modify v˜n in the following way: first we define the new
variables ζ, ζn by
z =T (m)ζ
zn =T n(m)ζn,
where
(8.11)
T (m) = (−J0M(m))−1/2,m ∈ U0,
T n(m) = (−J0Mn(m))−1/2,m ∈ U0,
and J0 is the matrix
J0 =
(
0 −1
1 0
)
.
T is symplectic, symmetric and satisfies T −1MT = J0. The same holds for T n.
Thus, from (8.8) and (8.9), we obtain
(8.12)
ζs + J0ζt + S
′(s, t)ζ = 0,
ζns + J0ζ
n
t + S
′
n(s, t)ζ
n = 0,
where S′, S′n are modified accordingly and satisfy the same properties of S, Sn.
Defining dn(s, t) =
T3,E
T3,n
an(s, t), we have for all α ∈ N× N,
(8.13)
∂α[ϑn(s, t)− t− c¯n]→ 0,
∂α[dn(s, t)− T3,Es− dn]→ 0,
as s→∞, for suitable constants c¯n ∈ S1, dn ∈ R. Let
v˜′(s, t) = (a(s, t), ϑ(s, t), ζ(s, t)),
v˜′n(s, t) = (d
n(s, t), ϑn(s, t), ζn(s, t)).
Since T n → T in C∞(U0) and T3,n → T3,E as n → ∞, it follows from (8.10) that
v˜′n → v˜′ in C∞loc as n→∞.
For each n, S′n(s, t) converges as s → ∞ to a symmetric matrix S∞n (t), which
depends on the linearized dynamics of λn over P3,n. In the same way, S
′(s, t)
converges as s → ∞ to a symmetric matrix S∞(t), depending on the linearized
dynamics of λE over P3,E . All these computations are shown in [25] and [28].
Again, since T n → T in C∞(U0) and T3,n → T3,E as n → ∞, we can choose c¯n
appropriately such that, up to extraction of a subsequence, we have
(8.14)
c¯n → ϑ0 as n→∞,
S∞n (t)→ S∞(t) as n→∞.
Let A∞, A∞n be the self-adjoint operators on W
1,2(S1,R2) ⊂ L2(S1,R2) defined by
A∞η = −J0η˙ − S∞η,
A∞n η = −J0η˙ − S∞n η.
From (8.14), we have A∞n → A∞ as n→∞.
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Since vn, vE do not intersect S
1 × {0} in local coordinates, we can define the
functions
ξ(s, t) =
ζ(s, t)
|ζ(s)| and ξ
n(s, t) =
ζn(s, t)
|ζn(s)| ,
where |ζ(s)|, |ζn(s)| denote the L2-norm of the loops t 7→ ζ(s, t), ζn(s, t), respec-
tively. From (8.12), we see that the following holds
1
2
d
ds |ζ|2
|ζ|2 = 〈−J0ξt − Sξ, ξ〉 =: µ(s),
1
2
d
ds |ζn|2
|ζn|2 = 〈−J0ξ
n
t − Snξn, ξn〉 =: µn(s),
thus
|ζ(s)| = e
∫
s
s0
µ(τ)dτ |ζ(s0)| and |ζn(s)| = e
∫
s
s0
µn(τ)dτ |ζn(s0)|.
Since P3,n is nondegenerate for each n, it follows from the results in [25] that
µn(s)→ δn as s→∞, where δn is a negative eigenvalue of A∞n , i.e., A∞n en = δnen
for an eigensection en with |en| = 1. In [28], we find the following result.
Proposition 8.5 ([28], Lemmas 8.4 and 8.5). There exists a subsequence of δn, still
denoted by δn, satisfying the following: δn → δ, where δ is a negative eigenvalue of
A∞, and en → e′ in W 1,2(S1,R2), where e′ is an eigensection of A∞ associated to
δ, i.e., A∞e′ = δe′ and |e′| = 1. Moreover, for each ǫ > 0, satisfying δ + ǫ < 0,
there exist s1 ≥ s0 and n0 such that µn(s) ≤ δ + ǫ, ∀n ≥ n0, s ≥ s1.
Following [28], we find from Proposition 8.5 a uniform exponential estimate for
|ζn(s)| as follows: if r := −(δ+ǫ) > 0, then |ζn(s)| ≤ e−r(s−s0)|ζn(s0)|, ∀n ≥ n0, s ≥
s1. Now since ζ
n → ζ in C∞loc as n → ∞, we get |ζ(s)| ≤ e−r(s−s0)|ζ(s0)|, ∀s ≥
s1. Arguing as in [28], this last inequality is enough for proving the asymptotic
properties of v˜′ by using results from [25]. We conclude that
|ζ(s)| = e
∫
s
s0
µ(τ)dτ |ζ(s0)|, where µ(s)→ δ < 0 as s→∞,
ξ(s, t) =
ζ(s, t)
|ζ(s)| → e
′(t) as s→∞, where A∞e′ = δe′.
In coordinates z, the eigensection e′ is represented by e(t) = T (t + ϑ0, 0, 0)e′(t).
Therefore, (8.7) holds for suitable constants a0, r0, Aγ . This concludes the proof of
Proposition 8.3. 
Proposition 8.6. There exists a finite energy J˜E-holomorphic rigid cylinder
v˜E = (bE , vE) : R× S1 → R×WE ,
with a positive puncture at +∞ and a negative puncture at −∞, such that
(i) v˜E is the C
∞
loc-limit of the J˜n-holomorphic cylinders v˜n = (bn, vn), con-
tained in F˜n, ∀n, with the normalization (8.1) and possibly a shift in the
S1-direction in the domain for each v˜n.
(ii) v˜E is asymptotic to P3,E at +∞ and to P2,E at −∞. In particular,∫
R×S1
v∗EdλE > 0.
(iii) The image of vE is contained in S˙E \ P3,E.
(iv) The winding numbers of v˜E at ±∞ are equal to 1.
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(v) vE is transverse to the Reeb vector field XλE .
(vi) v˜E and vE are embeddings.
An analogous statement holds for the sequence v˜′n ∈ F˜n.
Proof. (i), (ii) and (iii) follow from Proposition 8.2. From the asymptotic descrip-
tion given in Proposition 8.3 and since P2,E is hyperbolic, we have well-defined
winding numbers windπ(v˜E) and wind∞(v˜E). See Appendix A for details. More-
over, since CZ(P3,E) = 3 and CZ(P2,E) = 2, we have
wind∞(+∞) ≤ wind<0(AP3,E ) = 1
and
wind∞(−∞) ≥ wind≥0(AP2,E ) = 1.
From [26], we know that
0 ≤ windπ(v˜E) = wind∞(v˜E) = wind∞(+∞)− wind∞(−∞) ≤ 1− 1 = 0.
It follows that wind∞(+∞) = wind∞(−∞) = 1 and windπ(v˜E) = 0. Since
windπ(v˜E) counts the zeros of π ◦ dvE , where π : TWE → ξ is the projection
along the Reeb vector field XλE , and all such zeros are positive, we conclude that
vE is an immersion transverse to the Reeb vector field XλE . This proves (iv) and
(v).
In order to prove that v˜E is an embedding, we see from its asymptotic behavior
near the punctures ±∞ that v˜E is an embedding near the boundary, meaning that
there exists R > 0 sufficiently large so that v˜−1E (v˜E({|s| > R} × S1)) = {|s| >
R} × S1 and v˜E |{|s|>R}×S1 is an embedding. Now since v˜E is the C∞loc-limit of the
embeddings v˜n, it follows from results of D. McDuff in [39] that v˜E is an embedding
as well.
Next we show that vE is an embedding. First we claim that if c 6= 0 then
image(v˜E) 6= image(v˜E,c), where v˜E,c(s, t) = (bE(s, t) + c, vE(s, t)). Arguing indi-
rectly, assume there exists c 6= 0 such that image(v˜E) = image(v˜E,c). If (b, z) =
v˜E(s0, t0), we can find (s1, t1) 6= (s0, t0) such that v˜E,c(s1, t1) = (b, z) and therefore
v˜E(s1, t1) = (b−c, z). Repeating this argument we find a sequence (sn, tn) ∈ R×S1
such that v˜E(sn, tn) = (b−nc, z). If c > 0 then sn → −∞ and from the asymptotic
description of v˜E near −∞ this implies that z = vE(sn, tn) approaches P2,E as
n → ∞. This is a contradiction since z 6∈ P2,E . In the same way, if c < 0 we
have sn → +∞ and z = vE(sn, tn) approaches P3,E as n → ∞, also a contradic-
tion. Thus it follows from Carleman’s similarity principle that the intersections of
v˜E with v˜E,c, c 6= 0, are isolated. The existence of any such intersection implies,
from positivity and stability of intersections of pseudo-holomorphic curves, that v˜n
intersects v˜n,c for large n, where v˜n,c(s, t) = (bn(s, t) + c, vn(s, t)), and leads to a
contradiction. Hence v˜E(R× S1) ∩ v˜E,c(R× S1) = ∅, ∀c 6= 0. From the asymptotic
behavior of vE near the punctures ±∞, from the fact that v˜E is an embedding and
that vE is an immersion, we conclude that vE is also an embedding. This proves
(vi). 
Lemma 8.7. Let v˜E = (bE , vE) : R × S1 → R × WE be the C∞loc-limit of the
J˜n-holomorphic rigid cylinders v˜n = (bn, vn) ∈ F˜n with the normalization (8.1),
as in Proposition 8.2. Given an S1-invariant open neighborhood W of the loop
S1 ∋ t 7→ x2,E(tT2,E) in C∞(S1,WE), there exists s1 ≪ 0 such that for all s < s1
and all large n, the loop t 7→ vn(s, t) is contained in W.
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Proof. We first claim that for every ǫ > 0 and every sequence sn → −∞, there
exists n1 ∈ N such that for all n ≥ n1, we have∫
(−∞,sn]×S1
v∗ndλn ≤ ǫ.
Arguing indirectly we may assume there exist ǫ > 0 and a sequence sn → −∞
satisfying ∫
(−∞,sn]×S1
v∗ndλn > ǫ, ∀n.
The dλn-energy of v˜n is equal to T3,n− T2,n. We conclude that for all S0 > 0 fixed
and large n we have ∫
[−S0,S0]×S1
v∗ndλn ≤ T3,n − T2,n − ǫ.
Since v˜n → v˜E in C∞loc, we have∫
[−S0,S0]×S1
v∗EdλE ≤ T3,E − T2,E − ǫ,
which implies that
∫
R×S1 v
∗
EdλE ≤ T3,E − T2,E − ǫ, since S0 is arbitrary. This is in
contradiction with
∫
R×S1 v
∗
EdλE = T3,E − T2,E and thus the claim is proved.
Now we argue again indirectly and assume that the loops t 7→ vnj (snj , t) are not
contained in W for subsequences v˜nj = (bnj , vnj ) and snj → −∞, also denoted by
v˜n and sn, respectively. Let w˜n = (dn, wn) : R× S1 → R×WE be defined by
w˜n(s, t) = (dn(s, t), wn(s, t)) = (bn(s+ sn, t)− bn(sn, 0), vn(s+ sn, t)).
For each n, we have dn(0, 0) = 0 and wn(0, t) /∈ W for all t ∈ S1 and, from
Proposition 8.2, w˜n has C
∞
loc−bounds. So we find a J˜E-holomorphic cylinder w˜ =
(d, w) : R× S1 → R×WE such that w˜n → w˜ in C∞loc as n→∞.
For all fixed r0 > 0 and all ǫ > 0,∫
[−r0,r0]×S1
w∗dλE ≤ lim sup
n
∫
[−r0,r0]×S1
w∗ndλn
= lim sup
n
∫
[−r0+sn,r0+sn]×S1
v∗ndλn
≤ǫ,
for all large n. This follows from the first claim and implies that
∫
R×S1 w
∗dλE = 0.
Moreover, since v˜n → v˜E in C∞loc and sn → −∞ as n → ∞, given any ǫ > 0, we
have
T2,n ≤
∫
{0}×S1
w∗nλn =
∫
{sn}×S1
v∗nλn < T2,E + ǫ,
for all large n. Since T2,n → T2,E as n → ∞, we get
∫
{0}×S1 w
∗λE = T2,E. It
follows from Lemma 7.2 that w˜ is a cylinder over P2,E . However, this contradicts
the fact that the loop t 7→ w(0, t) is not contained in W . 
It follows from Proposition 8.2, Lemmas 8.4 and 8.7 that given a neighborhood
U ⊂ WE of vE(R × S1) ∪ P2,E ∪ P3,E , there exists n0 ∈ N so that if n ≥ n0,
then vn(R × S1) ⊂ U . As mentioned before, the case of the sequence v˜′n is totally
analogous. This completes the proof of Proposition 8.1.
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U1,E
P3,E
P2,E
U2,E
VE
Figure 8.1. So far we have obtained the binding orbits P2,E and
P3,E , the pair of rigid planes U1,E = u1,E(C) and U2,E = u2,E(C)
and the rigid cylinder VE = vE(R× S1) connecting P3,E to P2,E .
9. Proof of Proposition 2.10-iii)
We start this section recalling what we have obtained so far. Let F˜n be the stable
finite energy foliation on R ×WE associated to J˜n = (λn, Jn) as in Proposition
2.9-i), which projects onto a 3 − 2 − 3 foliation Fn on WE with binding orbits
P3,n, P2,n and P
′
3,n. Let J˜E = (λE , JE) be the almost complex structure in R×WE
constructed in Propositions 2.1 and 2.8, which satisfies λn → λE and Jn → JE
in C∞ as n → ∞. Let P3,E , P2,E and P ′3,E be the periodic orbits of λE , with
P3,n → P3,E , P2,n → P2,E and P ′3,n → P ′3,E in C∞ as n → ∞, for which we can
assume P3,n = P3,E , P2,n = P2,E , P
′
3,n = P
′
3,E , ∀n, as point sets in WE , according
to Proposition 2.9-ii). For each n, F˜n contains a pair of J˜n-rigid planes u˜1,n =
(a1,n, u1,n) and u˜2,n = (a2,n, u2,n), both asymptotic to P2,n, so that u˜1,n → u˜1,E
and u˜2,n → u˜2,E in C∞loc as n → ∞, up to reparametrizations and R-translations.
The J˜E-rigid planes u˜1,E = (a1,E , u1,E) and u˜2,E = (a2,E , u2,E) are both asymptotic
to P2,E and u1,E(C)∪P2,E ∪u2,E(C) separates WE in two components S˙E and S˙′E
containing P3,E and P
′
3,E , respectively. The foliation F˜n also contains a pair of J˜n-
rigid cylinders v˜n = (bn, vn) and v˜
′
n = (b
′
n, v
′
n) such that v˜n and v˜
′
n are asymptotic
to P3,n and P
′
3,n at their positive punctures, respectively, and both are asymptotic
to P2,n at their negative punctures. Up to reparametrizations and R-translations,
we find J˜E-rigid cylinders v˜E = (bE , vE) and v˜
′
E = (b
′
E , v
′
E) asymptotic to P3,E
and P ′3,E at their positive punctures, respectively, and both asymptotic to P2,E at
their negative punctures, such that v˜n → v˜E and v˜′n → v˜′E in C∞loc as n→∞. The
images VE = vE(R × S1) and V ′E = v′E(R × S1) lie in S˙E and S˙′E , respectively.
Finally, F˜n contains one parameter families of J˜n-planes w˜τ,n = (dτ,n, wτ,n) and
w˜′τ,n = (d
′
τ,n, w
′
τ,n), τ ∈ (0, 1), with w˜τ,n asymptotic to P3,n and w˜′τ,n asymptotic to
P ′3,n. The compactness properties of w˜τ,n and w˜
′
τ,n are the matter of this section.
We prove the Proposition 2.10-iii), which is restated below.
Proposition 9.1. If E > 0 is sufficiently small then, up to suitable reparametriza-
tions and R-translations, the following holds: there exist smooth one parameter fam-
ilies of J˜E-holomorphic embedded planes w˜τ,E = (dτ,E , wτ,E), w˜
′
τ,E = (d
′
τ,E , w
′
τ,E) :
C→ R×WE, τ ∈ (0, 1), with wτ,E and w′τ,E embeddings, w˜τ,E asymptotic to P3,E,
Dτ,E = wτ,E(C), τ ∈ (0, 1), foliating S˙E \ (VE ∪P3,E), w˜′τ,E asymptotic to P ′3,E and
D′τ,E = w
′
τ,E(C), τ ∈ (0, 1), foliating S˙′E \ (V ′E ∪ P ′3,E). Given small neighborhoods
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U1,U2 ⊂WE of P3,E ∪ VE ∪ P2,E ∪ U1,E and P3,E ∪ VE ∪ P2,E ∪U2,E, respectively,
we find 0 < τ1 < τ2 < 1 so that if τ ∈ (0, τ1) then Dτ,E ⊂ U1 and if τ ∈ (τ2, 1)
then Dτ,E ⊂ U2. An analogous statement holds for the family D′τ,E , τ ∈ (0, 1).
Moreover, given p0 ∈ S˙E \ (VE ∪P3,E), we find a sequence τn ∈ (0, 1) and τ¯ ∈ (0, 1)
so that p0 ∈ wτn,n(C) for each large n, p0 ∈ wτ¯ ,E(C) and w˜τn,n → w˜τ¯ ,E in C∞loc as
n→∞. An analogous statement holds if p0 ∈ S˙′E \ (V ′E ∪ P ′3,E).
In the following, we only work on S˙E since the case S˙
′
E is completely analogous.
Let VE = S˙E \ (VE ∪ P3,E). VE is homeomorphic to the open 3-ball and we shall
foliate it with a one parameter family of planes asymptotic to P3,E .
Let us fix an embedded 2-sphere N δE ⊂ S˙E so thatN δE separates P3,n and P2,n∀n.
In local coordinates (q1, q2, p1, p2), it is given by
N δE = {q1 + p1 = δ} ∩K−1(E),
where δ > 0 is small. Denote by U δE ⊂ S˙E the component of WE \N δE containing
P3,E .
The embedded topological 2-sphere u1,n(C) ∪ P2,n ∪ u2,n(C) separates WE in
two components S˙n, S˙
′
n containing P3,n, P
′
3,n respectively. The image vn(R×S1) is
contained in S˙n \ P3,n and let Vn = S˙n \ (vn(R× S1) ∪ P3,n). For each n, the one
parameter family of finite energy J˜n-holomorphic planes w˜τ,n = (dτ,n, wτ,n) : C→
R×WE , τ ∈ (0, 1), is so that wτ,n(C) foliates Vn.
By the convergence of u˜1,n, u˜2,n and v˜n to u˜1,E, u˜2,E and v˜E , respectively, ob-
tained in Proposition 2.10-i)-ii), we know that given p0 ∈ VE , we have p0 ∈ Vn
for all large n. We fix such p0 ∈ VE and consider for each large n the unique,
up to R-translation, J˜n-holomorphic plane w˜τn,n = (dτn,n, wτn,n) : C → R ×WE ,
asymptotic to P3,n at ∞, satisfying p0 ∈ wτn,n(C) ⊂ Vn. For simplicity we denote
these planes simply by w˜n = (dn, wn).
The main purpose of this section is to prove the following proposition.
Proposition 9.2. For E > 0 sufficiently small, the following holds: let p0 ∈ VE and
consider, for each large n, a finite energy J˜n-holomorphic plane w˜n = (dn, wn) ∈ F˜n
asymptotic to P3,n at +∞ so that p0 ∈ wn(C). Then, up to reparametrization and
R-translation, |∇w˜n(z)|n is uniformly bounded in z ∈ C and in n ∈ N and there
exists a finite energy J˜E-holomorphic plane w˜ = (d, w) : C→ R×WE , asymptotic
to P3,E at +∞, so that p0 ∈ w(C) ⊂ VE and w˜n → w˜ in C∞loc as n→∞. Moreover,
w˜ and w are embeddings and w is transverse to the Reeb vector field XλE .
Proof. Let us assume first that there exists δ¯ > 0 small such that for a subsequence
of w˜n, still denoted by w˜n, we have
(9.1) wn(C) ∩N δ¯E = ∅.
In this case we reparametrize w˜n = (dn, wn) and slide it in the R-direction so that
(9.2)
∫
C\D
w∗ndλn = γ0 and dn(0) = min{dn(z) : z ∈ C} = 0,
where 0 < γ0 ≪ T3,E is fixed and D = {z ∈ C : |z| ≤ 1} is the closed unit disk.
Arguing indirectly we find a subsequence of w˜n, still denoted by w˜n, and a
sequence zn ∈ C such that
|∇w˜n(zn)|n →∞.
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Take any sequence of positive numbers ǫn → 0+ satisfying
(9.3) ǫn|∇w˜n(zn)|n →∞.
Using Ekeland-Hofer’s Lemma (Lemma 7.4) for X = (C, | · |C), f = |∇w˜n(·)|n and
n fixed, we assume furthermore, perhaps after slightly changing zn, ǫn, that
(9.4) |∇w˜n(z)|n ≤ 2|∇w˜n(zn)|n, for all |z − zn| ≤ ǫn.
Defining the new sequence of J˜n-holomorphic maps u˜n : C→ R×WE by
(9.5) u˜n(z) = (bn, un) =
(
dn
(
zn +
z
Rn
)
− dn(zn), wn
(
zn +
z
Rn
))
,
with Rn = |∇w˜n(zn)|n, we see from (9.4) and (9.5) that
(9.6)
u˜n(0) ∈ {0} ×WE ,
|∇u˜n(z)|n ≤ 2, ∀|z| ≤ ǫnRn.
From an elliptic bootstrapping argument we get C∞loc-bounds for the sequence u˜n
and, since ǫnRn → ∞, after taking a subsequence we have u˜n → u˜ in C∞loc, where
u˜ = (b, u) : C → R × WE is a J˜E-holomorphic plane satisfying b(0) = 0 and
|∇u˜(0)|E = 1, where | · |E is the norm induced by J˜E . Therefore u˜ is non-constant
and from E(u˜n) ≤ E(w˜n) = T3,n, we have
(9.7) E(u˜) ≤ T3,E and 0 <
∫
C
u∗dλE ≤ T3,E.
Since there exists no periodic orbit in U δ¯E \ P3,E with action ≤ T3,E which is not
linked to P3,E , see Theorem B.1, we conclude that u˜ is asymptotic to P3,E at its
positive puncture +∞. In particular, we have
(9.8) E(u˜) =
∫
C
u∗dλE = T3,E .
We must have lim
n→∞
|zn| = 1, otherwise for any ǫ > 0 we take a subsequence with
either |zn| ≥ 1 + ǫ or |zn| ≤ 1− ǫ, ∀n, and from (9.2) we obtain∫
BR(0)
u∗dλE = lim
n→∞
∫
BR(0)
u∗ndλn
≤ lim sup
n→∞
∫
BǫnRn (0)
u∗ndλn
= lim sup
n→∞
∫
Bǫn (zn)
w∗ndλn
≤ lim sup
n→∞
max{γ0, T3,n − γ0} = max{γ0, T3,E − γ0} = T3,E − γ0
for any R > 0 fixed. This implies
∫
C
u∗dλE ≤ T3,E−γ0 < T3,E , contradicting (9.8).
Thus after taking a subsequence we assume zn → z∗ ∈ ∂D. Since z∗ takes away T3,E
from the dλE -energy, there cannot be any other bubbling-off point for the sequence
w˜n other than z∗. Hence from (9.2) and elliptic regularity we have C∞loc-bounds for
w˜n in C \ {z∗}. Taking a subsequence we have w˜n → v˜ for a J˜E-holomorphic map
v˜ = (a, v) : C \ {z∗} → R×WE which is non-constant since from (9.2) we have
(9.9)
∫
{|z|=2}
v∗λE = lim
n→∞
∫
{|z|=2}
w∗nλn ≥ T3,E − γ0 > 0.
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Moreover, from Fatou’s lemma, we get
(9.10) E(v˜) ≤ T3,E,
and from (9.8) we have
(9.11)
∫
C\{z∗}
v∗dλE = 0.
From (9.9) and (9.11), we see that z∗ is non-removable and from the characterization
of finite energy cylinders with vanishing dλE -energy, see [26, Theorem 6.11], we find
a periodic orbit P ⊂WE so that v˜ maps C \ {z∗} onto R×P . However, from (9.2),
the R-component of v˜ is bounded from below by 0. This contradiction proves that
there are no bubbling-off points for w˜n. From (9.2) and usual elliptic regularity
we obtain C∞loc-bounds for our sequence w˜n, thus we find a J˜E-holomorphic plane
w˜ = (d, w) : C→ R×WE so that, up to extraction of a subsequence, w˜n → w˜ in C∞loc
as n→∞. From (9.2) and since T3,n → T3,E as n→∞ we have 0 < E(w˜) ≤ T3,E,
hence 0 <
∫
C
w∗dλE ≤ T3,E. Since there exists no periodic orbit in U δ¯E \ P3,E with
action ≤ T3,E which is not linked to P3,E , see Theorem B.1, we conclude that w˜ is
asymptotic to P3,E at +∞.
Now assume that for all large n,
(9.12) wn(C) ∩N δ0E 6= ∅ for some δ0 > 0 small.
Fix δ1 > δ0 > 0 small and let g : [0,+∞) → [0, 1] be a smooth non-decreasing
function satisfying g(t) = 0 for t ∈ [0, δ0], g|[δ0,δ1] is strictly increasing and g(t) = 1
if t ≥ δ1. g induces a smooth function G : SE → [0, 1] which in local coordinates
x = (q1, q2, p1, p2) ∈ V is given by G(x) = g(q1 + p1) and G ≡ 1 outside V , where
V is the neighborhood of the saddle-center as in Hypothesis 1. The function G
extends to a smooth function on WE also denoted by G, by declaring G|S˙′
E
≡ 0.
The function G¯n : C → [0, 1] defined by G¯n(z) = G(wn(z)) is smooth for all n.
From (9.12) and since w˜n is asymptotic to P3,n at +∞, the image of G¯n coincides
with [0, 1]. Moreover, G¯n(z) = 1 if |z| is large. By Sard’s theorem we find yn ∈ (12 , 1)
so that yn is a regular value for G¯n. This implies that Kn := G¯
−1
n (yn) ⊂ C is a
non-empty compact set formed by finitely many embedded circles and we let
rn = inf{r > 0 : ∃ a closed disk Dr ⊂ C with radius r s.t. Kn ⊂ Dr}.
Since Kn contains at least two points, we have rn > 0 and there exists a closed
disk Drn with radius rn containing Kn. After a change of coordinates of the type
C ∋ z 7→ az + b, we can assume that Drn coincides with the closed unit disk
D ⊂ C and that −i ∈ Kn. From the definition of rn we can moreover assume that
∂Drn ∩Kn contains at least two points and there exists z′n ∈ ∂D ∩Kn satisfying
ℑz′n ≥ 0.
Hence we can reparametrize w˜n and slide it in the R-direction so that
(9.13)
G¯n|C\D > yn ⇒ wn(C \ D) ⊂ U δnE ,
G¯n(−i) = yn ⇒ wn(−i) ∈ N δnE ,
G¯n(z
′
n) = yn ⇒ wn(z′n) ∈ N δnE , with z′n ∈ ∂D,ℑz′n ≥ 0,
dn(2) = 0,
where δn = g
−1(yn). With this renormalization we necessarily have from (9.12)
(9.14) ∃z′′n ∈ D \ ∂D so that wn(z′′n) ∈ N δ0E .
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Now we show that with this parametrization w˜n does not admit bubbling-off
points. Arguing indirectly, assume that up to extraction of a subsequence, we
find a sequence zn ∈ C such that |∇w˜n(zn)|n → +∞ as n → ∞. First we show
that lim supn→∞ |zn| ≤ 1. Otherwise we find ǫ > 0 so that up to extraction of a
subsequence we have |zn| > 1+ ǫ. Now after using Ekeland-Hofer’s Lemma, we can
find a sequence ǫn → 0+ so that (9.4) holds and the maps u˜n = (bn, un) : C →
R×WE, defined as in (9.5), are such that, up to extraction of a subsequence, u˜n → u˜
in C∞loc as n→∞, where u˜ = (b, u) : C→ R×WE is a non-constant finite energy J˜E-
holomorphic plane. It must satisfy
∫
C
u∗dλE ≤ T3,E since
∫
C
u∗ndλn =
∫
C
w∗ndλn =
T3,n → T3,E as n → ∞. From (9.13) and since there exists no periodic orbit in
U δ0E \P3,E with action ≤ T3,E which is not linked to P3,E , see Theorem B.1, w˜ must
be asymptotic to P3,E at +∞ and E(u˜) = T3,E . This implies
∫
C
u∗dλE = T3,E .
Assume that for a subsequence |zn| is bounded. Then we can also assume zn →
z∗ ∈ C with |z∗| ≥ 1 + ǫ. Since the bubbling-off point z∗ takes away T3,E of
the dλE -area, we cannot have any other bubbling-off point for the sequence w˜n
in C \ {z∗}. Thus from (9.13) we have C∞loc-bounds for w˜n in C \ {z∗}, possibly
after translating the sequence w˜n in the R-direction appropriately. Therefore, after
taking a subsequence, we find a map w˜ = (d, w) : C \ {z∗} → R ×WE so that
w˜n|C\{z∗} → w˜ in C∞loc as n → ∞. Since z∗ is a negative puncture of w˜, w˜ is non-
constant. Moreover, we must have
∫
C\{z∗} w
∗dλE = 0 and E(w˜) ≤ T3,E . So w˜ is a
cylinder over a periodic orbit with action ≤ T3,E . By (9.13) and since there is no
periodic orbit in S˙E with action ≤ T3,E which is not linked to P3,E , see Theorem
B.1, w˜ must be a cylinder over P3,E . This contradicts the fact that there are points
in D being mapped by w into N δ0E , see (9.14). Now if |zn| → ∞, then in the same
way, since zn takes away T3,E of the dλE -area, there is no bubbling-off point in C
and we have C∞loc-bounds for the sequence w˜n and after taking a subsequence we
have w˜n → w˜ = (d, w) : C → R ×WE , where w˜ has finite energy. In this case, we
must have
∫
C
w∗dλE = 0 which implies that w˜ is constant. This contradicts the
fact that there must exist a point z1 ∈ D which is mapped under w into N δ0E and a
point z2 ∈ D which is mapped under w into N δ¯E , with g(δ¯) ≥ 12 > 0 = g(δ0)⇒ δ¯ 6=
δ0 ⇒ w(z1) 6= w(z2).
We have proved that any sequence of bubbling-off points zn of w˜n satisfies
(9.15) lim sup
n→∞
|zn| ≤ 1.
Let ∅ 6= Γ ⊂ C be the set of points z ∈ C such that for a subsequence w˜nj of w˜n,
there exists a sequence zj → z satisfying |∇w˜nj (zj)|nj →∞ as j →∞.
As explained in the proof of Proposition 8.2, we can use Ekeland-Hofer’s Lemma
to show that up to extraction of a subsequence we may assume that #Γ is finite.
From (9.15), we know that Γ ⊂ D. Thus from the last equation in (9.13) and elliptic
regularity we find a non-constant J˜E-holomorphic map w˜ = (d, w) : C\Γ→ R×WE
satisfying
(9.16) w˜n → w˜ in C∞loc as n→∞.
Moreover, from Fatou’s Lemma, we have E(w˜) ≤ lim supn T3,n = T3,E . All punc-
tures in Γ are negative. From (9.13) and the fact that there is no periodic orbit in
U δ0E \ P3,E with action ≤ T3,E which is not linked to P3,E , for E > 0 sufficiently
small, see Theorem B.1, w˜ is asymptotic to P3,E at +∞ and hence w˜ is somewhere
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injective. Note further that w(C \ Γ) ⊂ S˙E . In fact, if w(C \ Γ) ∩ ∂SE 6= ∅, then
by Carleman’s similarity principle, intersections would be isolated and, by stability
and positivity of such intersections, they would imply intersections of wn(C) with
u1,n(C) ∪ P2,n ∪ u2,n(C) for large n, a contradiction.
Following our indirect argument that Γ 6= ∅, we first show that #Γ = 1, i.e., w˜
has precisely one puncture z∗ ∈ Γ ⊂ D at which w˜ is asymptotic to P2,E . From
the linking property obtained in Theorem B.1, all the asymptotic limits at the
negative punctures of w˜ must coincide either with P3,E or to a cover of P2,E . If
for a negative puncture z∗i , w˜ is asymptotic to P3,E , then z
∗ = z∗i is the only
negative puncture, otherwise we would have
∫
C\Γ w
∗dλE < T3,E − T3,E = 0, a
contradiction. In this case, we must have
∫
C\{z∗} w
∗dλE = 0 and since w˜ is non-
constant, it follows that w˜ is a cylinder over P3,E . Let δn ∈ (12 , 1) be as in (9.13).
We may assume that δn → δ′ ∈ [ 12 , 1] as n → ∞. If z∗ 6= −i, then from (9.13)
we have w(−i) ∈ N δ′E . If z∗ = −i then, again from (9.13), we may assume that
z′n → z′, where ℑz′ ≥ 0. In this case we have w(z′) ∈ N δ
′
E . In both cases we
get a contradiction, since P3,E ∩ N δ′E = ∅, which shows that w˜ is asymptotic to
covers of P2,E at all of its negative punctures. In case #Γ ≥ 2 or in case w˜ is
asymptotic to a p-cover of P2,E with p ≥ 2, w must self-intersect, see Proposition
C.4-i)-ii). This follows from the fact that w˜ is somewhere injective. However, since∫
C\Γ w
∗dλE > 0, these self-intersections of w correspond to isolated intersections
of w˜ with w˜c(s, t) := (d(s, t) + c, w(s, t)) for suitable c ∈ R. From positivity and
stability of intersections of pseudo-holomorphic maps, this implies intersections of
w˜n with w˜n,c(s, t) := (dn(s, t) + c, wn(s, t)) for all large n, a contradiction.
So far we have proved that the J˜E-holomorphic cylinder w˜ = (d, w) : C \ {z∗} →
R×WE is asymptotic to P3,E at +∞ and has precisely one negative puncture z∗
at which w˜ is asymptotic to P2,E .
Claim 0. The following holds if E > 0 is sufficiently small. Given any S1-
invariant small neighborhood W1 of t 7→ x3,E(T3,Et) in the loop space C∞(S1,WE),
there exists R1 ≫ 0 such that
(9.17) the loop S1 ∋ t 7→ wn(Re2πit) is contained in W1, ∀R ≥ R1, ∀ large n.
The proof of Claim 0 follows the same lines of the proofs of Lemmas 7.5 and 8.4.
We include it here for completeness. First we claim that for every ǫ > 0 and every
sequence Rn → +∞, there exists n0 ∈ N such that for all n ≥ n0, we have
(9.18)
∫
C\BRn (0)
w∗ndλn ≤ ǫ.
Arguing indirectly we may assume there exists ǫ > 0 and a sequence Rn → +∞
satisfying ∫
C\BRn (0)
w∗ndλn > ǫ, ∀n.
The dλn-energy of w˜n is equal to T3,n. We conclude that for all R0 > 0 fixed and
large n we have ∫
BR0 (0)
w∗ndλn ≤ T3,n − ǫ.
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Since z∗ is a negative puncture of w˜, given any r0 > 0 fixed sufficiently small we
have
∫
Br0 (z
∗)w
∗
ndλn ≥ T2,E − ǫ/2 for all large n. Since w˜n → w˜ in C∞loc, we have∫
BR0(0)\Br0 (z∗)
w∗dλE ≤ T3,E − ǫ− (T2,E − ǫ/2) = T3,E − T2,E − ǫ/2,
which implies that
∫
C\{z∗} w
∗dλE ≤ T3,E − T2,E − ǫ/2. This is a contradiction and
proves (9.18).
In order to prove Claim 0, we argue indirectly assuming that the loops t 7→
wnj (Rnj e
2πti) are not contained in W1 for subsequences w˜nj = (dnj , wnj ) and
Rnj → +∞, also denoted by w˜n and Rn, respectively. Let
v˜n(s, t) = (bn(s, t), vn(s, t)) =
(
dn
(
Rne
2π(s+it)
)
− dn(Rn), wn
(
Rne
2π(s+it)
))
.
Notice that for all n, bn(0, 0) = 0 and vn(0, t) /∈ W1 for every t ∈ S1. Moreover,
this sequence has C∞loc−bounds since any bubbling-off point in R × S1 would take
away at least T2,E > 0 from the dλE-area, contradicting (9.18). Thus we find a
J˜E-holomorphic map v˜ = (b, v) : R × S1 → R ×WE such that v˜n → v˜ in C∞loc as
n→∞. Also from (9.18), we have for all fixed S0 > 0 and all ǫ > 0∫
[−S0,S0]×S1
v∗dλE ≤ lim sup
n
∫
[−S0,S0]×S1
v∗ndλn
≤ lim sup
n
∫
B
e2πS0Rn
(0)\B
e−2πS0Rn
(0)
w∗ndλn
≤ǫ,
for all large n. This implies that
∫
R×S1 v
∗dλE = 0. Moreover,
T3,E ≥
∫
{0}×S1
v∗λE = lim
n→∞
∫
{0}×S1
v∗nλn = limn→∞
∫
∂BRn (0)
w∗nλn ≥ T2,E .
It follows that v˜ is a cylinder over a periodic orbit Q = (x, T ) ∈ P(λE) which,
by construction, is geometrically distinct from P3,E and has action ≤ T3,E. Now
since the loops t 7→ vn(0, t) = wn(Rne2πit) have image contained in U δ0E from (9.13)
and converge to t 7→ x(tT + c0) in C∞ as n → ∞, for a suitable constant c0, we
conclude that Q is also geometrically distinct from P2,E . Moreover, these loops
are not linked to P3,E , which implies that Q is not linked to P3,E as well. This
contradicts Theorem B.1, if E > 0 is taken sufficiently small, proving Claim 0.
We can extract more information about the behavior of w˜ near +∞ as in Propo-
sition 8.3. In fact, in Martinet’s coordinates near P3,E , we express
w˜
(
e2π(s+it)
)
= (d(s, t), ϑ(s, t), x(s, t), y(s, t)), s ≫ 0,
and it satisfies the exponential estimates (8.7) (with bE(s, t) replaced with d(s, t)),
for an eigenvalue δ < 0 and a δ-eigensection e of the asymptotic operator AP3,E
so that e has winding number equal to 1, with respect to a global trivialization of
ξ = kerλE . The proof of this fact follows the same lines of the proof of Proposition
8.3. Moreover, w does not intersect u1,E(C) ∪ u2,E(C) ∪ P2,E ∪ P3,E since it is the
C∞loc-limit of the maps wn, which do not intersect u1,n(C) ∪ u2,n(C) ∪ P2,n ∪ P3,n.
Thus w(C \ {z∗}) ⊂ S˙E \ P3,E and from the uniqueness of such cylinders, see
Proposition C.1, w˜ coincides with the rigid cylinder v˜E = (bE , vE) obtained in
Section 8, up to reparametrization and R-translation.
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We conclude from (9.17) and from w˜n → w˜ in C∞loc that given any R2 > 0 fixed
and any open neighborhood V1 ⊂WE of vE(R× S1) ∪ P3,E , we have
(9.19) wn(C \BR2(z∗)) ⊂ V1, ∀ large n.
Next we study the behavior of w˜n near z
∗ for large n by using the so called
soft rescaling procedure near z∗ defined in [29] (see also [33] and [35]). Since w˜ is
asymptotic to P2,E at z
∗, we can fix ǫ > 0 small so that
(9.20) 0 <
∫
∂Bǫ(z∗)
w∗λE − T2,E < T2,E
4
,
where ∂Bǫ(z
∗) is oriented counter-clockwise. We define a new sequence zn → z∗ as
follows. Let zn ∈ Bǫ(z∗) and 0 < δn < ǫ be such that
(9.21)
dn(zn) ≤ dn(ζ), ∀ζ ∈ Bǫ(z∗),∫
Bǫ(z∗)\Bδn (zn)
w∗ndλn =
T2,E
2
.
Since z∗ is a negative puncture we necessarily have zn → z∗ and the existence of
δn follows from (9.20). Next we show that δn → 0 as n → ∞. Arguing indirectly
assume that up to extraction of a subsequence we have δn → δ¯ > 0 and take
0 < ǫ¯ < δ¯. From (9.20) and (9.21) we get
T2,E
4
≥ lim
n→∞
∫
Bǫ(z∗)\Bǫ¯(z∗)
w∗ndλn ≥ limn→∞
∫
Bǫ(z∗)\Bδn (zn)
w∗ndλn =
T2,E
2
,
which is a contradiction.
Let Rn be a sequence of real numbers satisfying Rn → +∞ and
(9.22) δnRn < ǫ/2.
Consider the J˜n-holomorphic maps v˜n : BRn(0)→ R×WE defined by
v˜n(z) = (bn, vn) = (dn(zn + δnz)− dn(zn + 2δn), wn(zn + δnz)), ∀z ∈ BRn(0).
Notice that v˜n(2) ∈ {0}×WE and that z = 0 is the minimum point of bn for all n.
This last assertion follows from (9.21) and will be useful in what follows.
Claim I. Up to a subsequence, v˜n → v˜ in C∞loc as n→∞, where v˜ = (b, v) : C→
R ×WE is a finite energy J˜E-holomorphic plane asymptotic to P2,E at its positive
puncture +∞. To prove Claim I, we first show that |∇v˜n(z)|n is uniformly bounded
in z ∈ BRn(0) and in n. Arguing indirectly we may assume that |∇v˜n(ζn)|n → ∞
for a sequence ζn ∈ BRn(0) as n→∞. From (9.21) and (9.22) we have∫
BRn (0)\D
v∗ndλn =
∫
BδnRn (zn)\Bδn (zn)
w∗ndλn ≤
T2,E
2
, ∀n.
Using Lemmas 7.2 and 7.4 we see that each bubbling-off point of v˜n takes away at
least T2,E of the dλE -area, hence we necessarily have lim supn→∞ |ζn| ≤ 1.
For all fixed R > 0 large, we have from (9.20) that
(9.23)
∫
∂BR(0)
v∗nλn =
∫
∂BRδn (zn)
w∗nλn <
∫
∂Bǫ(z∗)
w∗nλn <
5T2,E
4
,
for all large n. After extracting a subsequence, we have v˜n → v˜ in C∞loc, where
v˜ = (b, v) : C \ Γ′ → R ×WE is a finite energy J˜E-holomorphic map and Γ′ ⊂ D
is a finite set of bubbling-off points for the sequence v˜n. It follows from (9.23) that
#Γ′ ≤ 1. If #Γ′ = 1 then v˜ is non-constant and Γ′ = {z¯}. In this case z¯ = 0
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since bn attains its minimum value at z = 0. From (9.23) and Lemma 7.2, v˜ is
asymptotic to P2,E at its positive puncture +∞ and also at its negative puncture
z¯, therefore v˜ is a cylinder over P2,E .
However, we have from (9.21) that∫
∂D
v∗nλn =
∫
∂Bδn (zn)
w∗nλn =
∫
∂Bǫ(z∗)
w∗nλn −
T2,E
2
,
which implies, from (9.20),∫
∂D
v∗λE =
∫
∂Bǫ(z∗)
w∗λE − T2,E
2
≤ T2,E
4
+ T2,E − T2,E
2
=
3T2,E
4
< T2,E,
a contradiction with the fact that v˜ is a cylinder over P2,E . Thus Γ
′ = ∅ and,
since v˜n(2) ∈ {0} × WE for all n, we obtain C∞loc-bounds for the sequence v˜n
from usual elliptic regularity. Then we find a finite energy J˜E-holomorphic plane
v˜ = (b, v) : C → R ×WE so that, up to extraction of a subsequence, v˜n → v˜ in
C∞loc as n → ∞. From (9.23) and Lemma 7.2 we see that v˜ is asymptotic to P2,E
at +∞. This proves Claim I.
From the uniqueness obtained in Proposition C.1, we conclude that the J˜E-
holomorphic plane v˜ from Claim I must coincide, up to reparametrization and
R-translation, with either u˜1,E or u˜2,E, the rigid planes constructed in Section 5.
Assuming without loss of generality that v˜ coincides with u˜1,E , we can use the fact
that v˜n → v˜ in C∞loc to conclude that given any R3 > 0 and any neighborhood
V2 ⊂WE of u1,E(C), we have vn(BR3(0)) ⊂ V2 for all large n. This implies that
(9.24) wn(BR3δn(zn)) ⊂ V2, ∀ large n.
Let W2 be an S1-invariant neighborhood of the loop S1 ∋ t 7→ x2,E(T2,Et)
in C∞(S1,WE). Since P2,E is hyperbolic, we can assume that there is no other
periodic orbit in W2 other than P2,E , modulo S1-reparametrizations. Now we use
the fact that both w˜ and v˜ are asymptotic to P2,E at their punctures z
∗ and +∞,
respectively. Since w˜n → w˜ we find 0 < ǫ0 < ǫ small so that if 0 < ρ ≤ ǫ0 is fixed
then
(9.25) the loop t 7→ wn
(
zn + ρe
2πit
)
is contained in W2, ∀ large n.
In the same way, since v˜n → v˜, we can find R0 ≫ 0 large so that if R ≥ R0 is fixed
then
(9.26) the loop t 7→ wn
(
zn +Rδne
2πit
)
is contained in W2, ∀ large n.
We can also assume that for all n sufficiently large we have
(9.27) 0 <
T2,E
2
<
∫
∂BδnR0 (zn)
w∗nλn.
We prove the following claim which is in essence equivalent to Lemma 4.9 in [29],
adapted to our situation where we have a sequence of almost complex structures J˜n
converging to J˜E in C
∞ as n→∞ and the only periodic orbit for λE with action
< 2T2,E is the hyperbolic periodic orbit P2,E , for E > 0 sufficiently small.
Claim II. Let W2 ⊂ C∞(S1,WE) be a small S1-invariant neighborhood of the
loop t 7→ x2,E(T2,Et), where P2,E = (x2,E , T2,E). Then there exist h > 0 such that
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if u˜n = (an, un) : [rn, Rn]×S1 → R×WE is a sequence of J˜n-holomorphic cylinders
satisfying
E(u˜n) ≤ 3T2,E
2
,(9.28) ∫
[rn,Rn]×S1
u∗ndλn ≤
T2,E
2
,(9.29) ∫
{ρ}×S1
u∗nλn ≥
T2,E
2
, ∀ρ ∈ [rn, Rn],(9.30)
then each loop S1 ∋ t 7→ un(s, t) is contained in W2 for all s ∈ [rn + h,Rn − h].
To prove Claim II, we argue indirectly and consider a sequence of J˜n-holomorphic
cylinders u˜n = (an, un) : [rn, Rn]×S1 → R×WE satisfying conditions (9.28)-(9.30)
and such that
(9.31) the loop S1 ∋ t 7→ un(sn, t) is not contained in W2,
for some sn ∈ [rn+n,Rn−n] and Rn− rn ≥ 2n. Define the J˜n-holomorphic maps
E˜n = (en, En) : [rn − sn + ǫ1, Rn − sn − ǫ1]× S1 → R×WE by
E˜n(s, t) = (an(s+ sn, t)− an(sn, 0), un(s+ sn, t)),
where ǫ1 > 0 is any sufficiently small real number. Notice that en(0, 0) = 0 and,
from (9.31),
(9.32) the loop S1 ∋ t 7→ En(0, t) is not contained in W2.
|∇E˜n(s, t)|n is uniformly bounded in (s, t) and in n, since any bubbling-off sequence
of points would take away at least T2,E of the dλE -area, and this is not available
from (9.29). Therefore, the sequence E˜n has C
∞
loc-bounds and, up to extraction of
a subsequence, we can assume that E˜n → E˜ in C∞loc as n→∞, where E˜ = (e, E) :
R× S1 → R×WE is a J˜E -holomorphic cylinder.
In view of the properties of u˜n in (9.28)-(9.30), and consequently similar prop-
erties of E˜n, we have
E(E˜) ≤ 3T2,E
2
,
∫
R×S1
E∗dλE ≤ T2,E
2
and
∫
{ρ}×S1
E∗λE ≥ T2,E
2
, ∀ρ ∈ R.
It follows that E˜ has finite energy, is non-constant, has a negative puncture at
s = −∞ and a positive puncture at s = +∞. Moreover, E˜ must be asymptotic at
+∞ to a periodic orbit with action ≤ 3T2,E2 . Thus the same holds for its negative
puncture −∞. Since P2,E is the only periodic orbit with such low action, for all
E > 0 sufficiently small, see Lemma 7.2, we conclude that E˜ is a cylinder over
P2,E . However, from (9.32), the loop S
1 ∋ t 7→ E(0, t) is not contained in W2, a
contradiction. This proves Claim II.
Now consider for each n the J˜n-holomorphic cylinder C˜n :
[
lnR0δn
2π ,
ln ǫ0
2π
]×S1 →
R×WE defined by
C˜n(s, t) = (cn(s, t), Cn(s, t)) = w˜n
(
zn + e
2π(s+it)
)
.
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From (9.20), (9.21) and (9.27) we have
E(C˜n) <
5T2,E
4
<
3T2,E
2
,∫
[ lnR0δn2π ,
ln ǫ0
2π ]×S1
C∗ndλn <
T2,E
2
,∫
{ρ}×S1
C∗nλn >
T2,E
2
, ∀ρ ∈
[
lnR0δn
2π
,
ln ǫ0
2π
]
,
for all large n, where R0 ≫ 0 is defined above. From Claim II we find h > 0 so
that the loop S1 ∋ t 7→ Cn(s, t) is contained in W2 for s ∈
[
lnR0δn
2π + h,
ln ǫ0
2π − h
]
and all large n. This implies that
(9.33) the loop S1 ∋ t 7→ wn
(
zn + ρe
2πti
)
is contained in W2,
for all ρ ∈ [e2πhR0δn, e−2πhǫ0] and all large n. We conclude that given any neigh-
borhood V3 ⊂WE of P2,E , we have
(9.34) wn (Be−2πhǫ0(zn) \Be2πhR0δn(zn)) ⊂ V3, ∀ large n.
Finally, taking 0 < R2 < e
−2πhǫ0, R3 > e2πhR0, using (9.19), (9.24) and (9.34),
and that zn → z∗ as n → ∞, we conclude that given any small neighborhood
V¯ ⊂ WE of u1,E(C) ∪ P2,E ∪ vE(R× S1) ∪ P3,E , with p0 6∈ V¯ , we have wn(C) ⊂ V¯
for all large n. However, this contradicts the fact that p0 ∈ wn(C) for all large n.
This contradiction shows that there are no bubbling-off points for w˜n.
We have concluded that the sequence w˜n with the reparametrization given either
in (9.2) or in (9.13), depending on the intersection conditions (9.1) and (9.12),
respectively, has C∞loc-bounds and therefore, from elliptic regularity, we can extract
a subsequence also denoted by w˜n so that w˜n → w˜ = (d, w) : C → R ×WE in
C∞loc as n → ∞, where w˜ is a finite energy J˜E-holomorphic plane. From (9.2)
and (9.13), we see that w˜ is non-constant. Moreover, w(C) is contained in VE =
S˙E \ (VE ∪ P3,E). In fact, by positivity and stability of intersections, w˜ cannot
intersect u˜1,E, u˜2,E , v˜E , P2,E , P3,E since this would imply intersections of w˜n with
u˜1,n, u˜2,n, v˜n, P2,n, P3,n for large n, a contradiction. Thus, from (9.2) and (9.13),
we obtain that w˜ is asymptotic to P3,E at +∞, since there is no periodic orbit in
S˙E \ P3,E with action ≤ T3,E which is not linked to P3,E , for E > 0 sufficiently
small, according to Theorem B.1.
Arguing as in Lemma 8.4, see also [28, Lemma 8.1], we know that given any small
open neighborhood V4 ⊂ WE of P3,E we find R0 > 0 so that wn(C \BR0(0)) ⊂ V4
for all large n. Hence if V4 is sufficiently small, then p0 6∈ V4. It follows that
if ζn ∈ C is such that wn(ζn) = p0, then |ζn| is uniformly bounded and we may
assume that ζn → z0 as n → ∞. Since w˜n → w˜ in C∞loc as n → ∞, we must have
w(z0) = p0.
The finite energy J˜E-holomorphic plane w˜ = (d, w), which, up to extraction
of a subsequence, is the C∞loc-limit of w˜n after suitable reparametrizations and R-
translations, is asymptotic to P3,E exponentially fast, see (9.36) in Proposition 9.3
below. In fact, there exists a negative eigenvalue δ and a δ-eigensection e of the
asymptotic operator AP3,E so that in suitable Martinet’s coordinates near P3,E ,
we can express w˜
(
e2π(s+it)
)
= (d(s, t), ϑ(s, t), x(s, t), y(s, t)), s ≫ 0, satisfying the
exponential decays given in (9.36). The winding number of e equals 1 and, therefore,
windπ(w˜) = wind∞(w˜) − 1 = 0. It follows that w is an immersion transverse to
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XλE and that w˜ is an immersion. Since w˜ is an embedding near the boundary and
is the limit of the embeddings w˜n, it follows that w˜ is an embedding as well. Also,
if c 6= 0, the image of w˜ does not coincide with the image of w˜c = (d + c, w), see
the proof of Proposition 8.6-(iv). This implies, by Carleman’s similarity principle,
that intersections of w˜ with w˜c are isolated if c 6= 0 and, by positivity an stability
of intersections, we must have w˜(C) ∩ w˜c(C) = ∅, ∀c 6= 0 since w˜n(C) ∩ w˜n,c(C) =
∅, ∀c 6= 0, ∀n, with w˜n,c = (dn + c, wn). We conclude that w : C → WE is also an
embedding.
From Theorem 1.4 in [26] we get the following uniqueness property: if w˜1 =
(d1, w1), w˜2 = (d2, w2) are finite energy J˜E-holomorphic planes asymptotic to P3,E
with the exponential decays (9.36), then either
(9.35) w1(C) = w2(C) or w1(C) ∩ w2(C) = ∅.
In fact, this result assumes that the asymptotic limit P3,E is nondegenerate. Since
P3,E may be degenerate, we cannot guarantee this assumption. However, its proof
only makes use of the asymptotic behavior of the J˜E-holomorphic plane w˜ at +∞
given by the exponential estimates (9.36) in Proposition 9.3 below. Thus it also
holds in our situation.
It follows that the C∞loc-limit w˜ = (d, w) of any subsequence of the sequence w˜n,
after suitable reparametrization and R-translation, with the property that p0 ∈
w(C), is unique. The proof of Proposition 9.2 is now complete. 
The following proposition is essentially Theorem 7.2 in [28].
Proposition 9.3. Let p0 ∈ VE and w˜ = (d, w) : C → R ×WE be a finite energy
J˜E-holomorphic plane, which is asymptotic to P3,E = (x3,E , T3,E) at +∞, and is
the C∞loc-limit of the sequence of J˜n-holomorphic planes w˜n = (dn, wn), satisfying
p0 ∈ wn(C), ∀n, as in Proposition 9.2. Consider Martinet’s coordinates (ϑ, x, y) ∈
S1×R2 on a small tubular neighborhood U ⊂WE of P3,E, as explained in Appendix
A, where the contact form takes the form λE ≡ gE(dϑ+xdy) and P3,E ≡ S1×{0}.
Let AP3,E be the asymptotic operator associated to P3,E, which in local coordinates
assumes the form (A.5). Then w(e2π(s+it)) = (ϑ(s, t), x(s, t), y(s, t)) ∈ U , ∀s suffi-
ciently large, d(s, t) = d(e2π(s+it)), and w˜ is represented by
(d(s, t), ϑ(s, t), x(s, t), y(s, t)), (s, t) ∈ R× S1, s≫ 0,
where
(9.36)
|Dγ(d(s, t) − (T3,Es+ a0))| ≤ Aγe−r0s,
|Dγ(ϑ(s, t)− t− ϑ0)| ≤ Aγe−r0s,
z(s, t) := (x(s, t), y(s, t)) = e
∫
s
s0
µ(r)dr
(e(t) +R(s, t)),
|DγR(s, t)|, |Dγ(µ(s)− δ)| ≤ Aγe−r0s,
for all large s and all γ ∈ N×N, where Aγ , r0 > 0, ϑ0, a0 ∈ R are suitable constants.
ϑ(s, t) is seen as a map on R and satisfies ϑ(s, t+1) = ϑ(s, t)+1. Here µ(s)→ δ <
0, where δ is an eigenvalue of AP3,E and e : S
1 → R2 is an eigensection of AP3,E
associated to δ, represented in these coordinates. Its winding number with respect
to a global trivialization equals 1.
We denote byM3,E the space of embedded finite energy J˜E-holomorphic planes
w˜ = (d, w) : C→ R×WE asymptotic to P3,E at +∞ and satisfying the exponential
decays as in Proposition 9.3. In the terminology of [31], such planes are called fast.
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We have seen in Proposition 9.2 that through any point p0 ∈ VE we can find
w˜ = (d, w) ∈ M3,E so that p0 ∈ w(C) ⊂ VE . Then it follows from the uniqueness
property (9.35) that w′(C) ⊂ VE for all w˜′ = (d′, w′) ∈M3,E .
In [27], a Fredholm theory with weights is developed in order to give a local
description of spaces such as M3,E. Using the exponential asymptotic behavior of
the J˜E-holomorphic planes w˜ = (d, w) ∈M3,E given as in Proposition 9.3, one can
prove the following statement which is essentially Theorem 2.3 of [31].
Theorem 9.4. Let w˜ = (d, w) ∈ M3,E be a fast finite energy J˜E-holomorphic
plane. Then there exists ǫ > 0 and an embedding
Φ˜ = (a,Φ) : (−ǫ, ǫ)× C→ R×WE ,
so that
(i) Φ˜(0, ·) = w˜.
(ii) For any τ ∈ (−ǫ, ǫ), the map Φ˜τ = (aτ ,Φτ ) := Φ˜(τ, ·) : C → R ×WE is
contained M3,E, i.e., Φ˜τ is a fast embedded finite energy J˜E-holomorphic
plane asymptotic to P3,E satisfying Φτ (C) ⊂ VE, for all τ .
(iii) The map
Φ : (−ǫ, ǫ)× C→WE \ P3,E
is an embedding.
(iv) If the sequence w˜n = (dn, wn) ∈M3,E satisfies w˜n → w˜ in C∞loc as n→∞,
then for all large n we find sequences An, Bn ∈ C, with An → 1 ∈ C, Bn →
0 ∈ C, R ∋ cn → 0, (−ǫ, ǫ) ∋ τn → 0 so that
w˜n(z) = Φ˜τn,cn(Anz +Bn) := (aτn(Anz +Bn) + cn,Φτn(Anz +Bn)).
Theorem 9.4 provides a maximal smooth one parameter family of maps w˜τ,E =
(dτ,E , wτ,E) ∈ M3,E , τ ∈ (τ−, τ+), so that wτ1,E(C) ∩ wτ2,E(C) = ∅ for all τ1 6= τ2.
In fact this family cannot be compactified to an S1-family of such maps since
this would provide an open book decomposition with disk-like pages for WE , with
binding orbit P3,E , which clearly contradicts the fact that there are orbits which
are not linked to P3,E , such as P2,E and P
′
3,E .
Next we describe how the family {w˜τ,E} breaks as τ → τ±. This is the content
of the following proposition. We assume the normalization
(9.37) τ− = 0, τ+ = 1, XλE |wτ,E · τ > 0,
i.e., τ strictly increases in the direction of XλE .
Let P2,E = (x2,E , T2,E) and P3,E = (x3,E , T3,E) be the periodic orbits of λE , let
u˜1,E and u˜2,E be the rigid planes and let v˜E and v˜
′
E be the rigid cylinders in the
statement of Proposition 2.10.
Proposition 9.5. For E > 0 sufficiently small, the following holds. If τn ∈ (0, 1)
is a sequence satisfying τn → 0+ as n→∞, then, after suitable reparametrizations
and R-translations of w˜τn,E = (dτn,E , wτn,E), v˜E and u˜1,E, we have that w˜τn,E
converges to v˜E ⊙ u˜1,E as n→∞ in the SFT sense [9], i.e.,
(i) There exists z∗ ∈ D so that C˜n = (cn, Cn) : R× S1 → R ×WE , defined by
C˜n(s, t) = w˜τn,E
(
z∗ + e2π(s+it)
)
, is such that C˜n → v˜E in C∞loc as n→∞.
(ii) There exist sequences zn → z∗, δn → 0+ and cn ∈ R so that P˜n = (pn, Pn) :
C→ R×WE , defined by P˜n(z) = (dτn,E(zn + δnz) + cn, wτn,E(zn + δnz)),
is such that P˜n → u˜1,E in C∞loc as n→∞.
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(iii) Given an S1-invariant neighborhood W3 of the loop S1 ∋ t 7→ x3,E(T3,Et) in
C∞(S1,WE), there exists R0 ≫ 0 such that the loop t 7→wτn,E
(
z∗ +Re2πit
)
is contained in W3 for all R ≥ R0 and all large n.
(iv) Given an S1-invariant neighborhood W2 of the loop S1 ∋ t 7→ x2,E(T2,Et)
in C∞(S1,WE), there exist ǫ1 > 0 small and R1 ≫ 0 such that the loop
t 7→ wτn,E
(
zn + ρe
2πit
)
is contained in W2 for all 0 < R1δn ≤ ρ ≤ ǫ1 and
all large n.
In particular, given any neighborhood V1 ⊂WE of u1,E(C)∪vE(R×S1)∪P2,E∪P3,E,
we have wτn,E(C) ⊂ V1 for all large n. A similar statement holds for any sequence
τn → 1− with u˜1,E replaced with u˜2,E. The case S′E is completely analogous.
Proof. The proof follows the same lines of the proof of Proposition 9.2, so we only
sketch the main steps. Now the almost complex structure J˜E = (λE , JE) is fixed
while there we had J˜n → J˜E in C∞ as n → ∞. However, this plays no important
role in the analysis.
Let N δE, E, δ > 0 small, be the embedded 2-sphere defined in local coordinates
(q1, q2, p1, p2) by N
δ
E = {q1 + p1 = δ} ∩K−1(E).
If there exists δ0 > 0 such that wτn,E(C) ∩N δ0E = ∅ for all large n, then we can
suitably reparametrize w˜τn,E and translate it in the R-direction as in (9.2) so that
one has C∞loc-bounds and w˜τn,E → w˜ ∈ M3,E in C∞loc as n → ∞, a contradiction
with the maximality of the family w˜τ,E , τ ∈ (0, 1).
We have concluded that wτn,E(C) intersects N
δ
E for δ > 0 arbitrarily small. In
this case, we suitably rescale w˜τn,E and translate it in the R-direction as in (9.13).
Following all the steps from this point in the proof of Proposition 9.2, we get all
the other desired conclusions. In the case at hand, since the family w˜τ,E is not
compact, we show that there exists precisely one bubbling-off point z∗ ∈ D and
w˜τn,E converges in C
∞
loc(C \ {z∗},R×WE) as n → ∞ to a cylinder asymptotic to
P3,E at +∞ and to P2,E at z∗. From uniqueness of such cylinders, see Appendix C,
this must coincide with v˜E up to reparametrization and R-translation, proving (i).
Performing a soft rescaling of w˜τn,E near z
∗ we find sequences zn → z∗, δn → 0+
and cn ∈ R so that P˜n, defined as in (ii), converges to a plane asymptotic to P2,E .
Again, from the uniqueness of such planes, it must coincide with u˜1,E , after a
suitable reparametrization and R-translation. This follows from the normalization
(9.37), proving (ii). From a delicate analysis near P3,E and P2,E , similar to Claims
0 and II in the proof of Proposition 9.2, we prove (iii) and (iv). If τn → 1−, then
u˜1,E is necessarily replaced with u˜2,E. 
This finishes the proof of Proposition 9.1.
Appendix A. Basics on pseudo-holomorphic curves in symplectizations
Let M be a 3-manifold. A 1-form λ on M is called a contact form if λ ∧ dλ
never vanishes. The contact structure associated to λ is the non-integrable tangent
plane distribution ξ = kerλ ⊂ TM . The Reeb vector field Xλ associated to λ
is determined by iXλλ = 1 and iXλdλ = 0. The pair (M, ξ) is called a contact
manifold and λ is a defining contact form for ξ. In this case, ξ is called co-oriented
by λ.
Let {ϕt, t ∈ R} be the flow of w˙ = Xλ◦w, called the Reeb flow of λ, assumed to be
complete. Since the Lie derivative LXλλ = iXλdλ+ diXλλ = 0, ϕt preserves λ and,
in particular, preserves the contact structure ξ, i.e., ϕ∗t ξ = ξ, ∀t. A periodic orbit of
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U1,E
P3,E
P2,E
Dτ,E
U2,E
VE
Figure 9.1. The one parameter family of planes Dτ,E = wτ,E(C),
τ ∈ (0, 1), with binding orbit P3,E , finishes the construction of the
2− 3 foliation FE adapted to SE .
the Reeb flow is a pair P = (w, T ), where w : R→M satisfies w(t) = ϕt(w(0)) and
w(t + T ) = w(t), ∀t. The period T of P is assumed to be positive and it coincides
with the action of λ along w, i.e.,
T =
∫
[0,T ]
w∗λ =:
∫
P
λ.
Sometimes we write w(R) = P ⊂ M as an abuse of notation. Given c ∈ R, we
identify (w, T ) = P ∼ Pc = (wc, T ), where wc(·) = w(· + c), and denote by P(λ)
the set of periodic orbits of Xλ modulo this identification. We say that P = (w, T )
is simple if T is the least positive period of w. We say that P is unknotted if it
is simple and is the boundary of an embedded disk D ⊂ M . We say that P is
nondegenerate if the linear map DϕT (w(0))|ξw(0) : ξw(0) → ξw(0) does not have 1 as
an eigenvalue. Otherwise P is said to be degenerate. The contact form λ is called
nondegenerate if all its periodic orbits are nondegenerate.
An overtwisted disk for ξ is an embedded disk D ⊂ M so that Tz∂D ⊂ ξz and
TzD 6= ξz, ∀z ∈ ∂D. The contact structure ξ = kerλ is called overtwisted if it
admits an overtwisted disk. Otherwise, it is called tight.
Given a trivial knot K ⊂ M transverse to ξ, we define its self-linking number
sl(K) in the following way: let D ⊂ M be an embedded disk satisfying ∂D = K
and let Z be a non-vanishing section of ξ|D. Use Z to slightly perturb K to a trivial
knot K ′, disjoint from K and also transverse to ξ. We can assume K ′ is transverse
to D as well. We define
sl(K) = algebraic intersection number K ′ ·D ∈ Z.
Here K is oriented by λ, D has the orientation induced by K and M is oriented by
λ∧dλ. The knot K ′ inherits the orientation of K. This definition does not depend
on the choices of D and Z if, for instance, ξ is trivial.
We consider the particular case where M = S3 := {w = (x1, x2, y1, y2) ∈ R4 :
|w| = 1}, equipped with a contact form of the type
(A.1) λ = fλ0|S3 ,
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where
λ0 =
1
2
2∑
i=1
yidxi − xidyi,
and f : S3 → (0,∞) is a smooth function. Notice that
dλ0 = ω0 :=
2∑
i=1
dyi ∧ dxi
is the canonical symplectic form on R4. By a Theorem of Bennequin, see [4, The-
orem 1], the contact structure
ξ0 := kerλ0|S3 = kerλ
is tight and therefore λ is also called tight. By a classification theorem of Y. Eliash-
berg, see [16, Theorem 2.1.1], any tight contact form on a manifold diffeomorphic
to S3 is of the form (A.1) up to diffeomorphism.
Let Sf = {
√
f(w)w : w ∈ S3}. Then Sf is a star-shaped hypersurface with
respect to 0 ∈ R4 and λf := λ0|Sf is a tight contact form on Sf . Its Reeb vector
field Xλf satisfies ψf∗Xλ = Xλf , where ψf : S
3 → Sf is the diffeomorphism given
by ψf (w) =
√
f(w)w,w ∈ S3.
Let H : R4 → R be a Hamiltonian function such that Sf = H−1(0), where
0 is a regular value of H . Then the Hamiltonian vector field XH , defined by
iXHω0 = −dH , is parallel to Xλf when restricted to Sf , since both vector fields are
sections of the line bundle kerω0|Sf → Sf .
Now let (M, ξ = kerλ) be a co-oriented closed contact manifold of dimension 3.
The contact structure ξ is a symplectic vector bundle when equipped with dλ|ξ. A
compatible complex structure on ξ is a smooth bundle map J : ξ → ξ, J2 = −Id,
over the identity, such that dλ(·, J ·) is a positive definite inner product on ξ. The
space of such J ′s is non-empty and contractible in the C∞-topology and will be
denoted by J (λ).
Let us identify S1 = R/Z. Let J ∈ J (λ) be a compatible complex structure
on ξ. Let P = (w, T ) ∈ P(λ) be a periodic orbit and let wT : S1 → M be given
by wT (t) = w(T t) ∀t. Let ∇ be a symmetric connection on M and consider the
operator AP :W
1,2(S1, w∗T ξ) ⊂ L2(S1, w∗T ξ)→ L2(S1, w∗T ξ)
AP · η(t) = J(wT (t)) · (−∇tη + T∇ηXλ)(t),
where η ∈ W 1,2(S1, w∗T ξ) is a section of the contact structure along P . Here ∇t
stands for the covariant derivative in the direction w˙T = TXλ. One easily checks
that AP does not depend on ∇. Consider the following L2-inner product
(A.2) 〈η1, η2〉 =
∫
S1
dλwT (t)
(
η1(t), JwT (t) · η2(t)
)
dt, η1, η2 ∈ L2(S1, w∗T ξ).
We assume that ξ is trivial and fix a global symplectic trivialization of the contact
structure
(A.3) Ψ : ξ = kerλ→M × R2.
Theorem A.1 (Hofer-Wysocki-Zehnder [26]). With respect to (A.2), AP is an
unbounded self-adjoint closed operator. Its spectrum σ(AP ) is discrete, consists of
real eigenvalues accumulating only at ±∞. Moreover,
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(i) Given λ ∈ σ(AP ) and a non-vanishing v satisfying AP · v = λv, there is a
well-defined winding number wind(λ, v,Ψ) with respect to Ψ. This number
does not depend on v or on Ψ, so we simply denote it by wind(λ).
(ii) λ1 ≤ λ2 ⇒ wind(λ1) ≤ wind(λ2).
(iii) Given k ∈ Z, there exist precisely two eigenvalues λ1, λ2 ∈ σ(AP ), counting
multiplicities, such that wind(λ1) = wind(λ2) = k.
(iv) If λ1 < λ2 ∈ σ(AP ) satisfy wind(λ1) = wind(λ2) and v1, v2 are non-
vanishing λ1, λ2-eigensections of AP , respectively, then v1 and v2 are point-
wise linearly independent.
(iv) 0 ∈ σ(AP )⇔ P is degenerate.
Let
wind<0(AP ) :=max{wind(λ), λ ∈ σ(AP ) ∩ (−∞, 0)},
wind≥0(AP ) :=min{wind(λ), λ ∈ σ(AP ) ∩ [0,∞)},
p :=wind≥0(AP )− wind<0(AP ).
One can check that p ∈ {0, 1}.
We define the Conley-Zehnder index of P by
(A.4) CZ(P ) = 2wind<0(AP ) + p = wind
<0(AP ) + wind
≥0(AP ).
The Conley-Zehnder index CZ(P ) can also be defined in terms of the linearized
dynamics over P . This is discussed in Section 4.
Let P = (w, T ) ∈ P(λ) be a simple periodic orbit and let wT : S1 →M be given
by wT (t) = w(T t) ∀t. Then there exist U ⊂ M and U0 ⊂ S1 × R2 neighborhoods
of P and S1 × {0}, respectively, and a diffeomorphism ϕ : U → U0 satisfying:
• ϕ(wT (t)) = (t, 0, 0) ∈ S1 × {0}.
• There exists g ∈ C∞(U0, (0,∞)) so that λ = ϕ∗(g · (dϑ+ xdy)), where ϑ is
the coordinate on S1 and (x, y) are coordinates on R2. Moreover
g(ϑ, 0, 0) = T and dg(ϑ, 0, 0) = 0, ∀ϑ ∈ S1.
• In these coordinates ξ = span{v1 := ∂x, v2 := ∂y − x∂ϑ}. Given J ∈
J (λ) we can choose ϕ so that (ϕ∗J)|S1×{0}v1 = v2. Using the symplectic
trivialization induced by
{
v1√
g ,
v2√
g
}
, the asymptotic operator AP gets the
local form
(A.5) AP · η(t) = −J0η˙(t)− S(t)η(t), t ∈ S1,
where
J0 =
(
0 −1
1 0
)
and S(t), t ∈ S1, is a smooth loop of symmetric matrices which is related
to the linearized dynamics over P restricted to the contact structure.
The coordinates (ϑ, x, y) near P described above are referred as Martinet’s co-
ordinates and the diffeomorphism ϕ : U → U0 is called Martinet’s tube.
The symplectization of (M,λ) is the pair (R × M,d(eaλ)), where a is the R-
coordinate. Given J ∈ J (λ), we have the almost complex structure J˜ : T (R×M)→
T (R×M), J˜2 = −Id, determined by
J˜ |ξ = J and J˜∂a = Xλ.
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Equivalently,
(A.6) J˜(a,w)(h, k) = (−λw(k), Jw · πw(k) + hXλ(w)),
where (h, k) ∈ T(a,w)(R ×M) and π : TM → ξ is the projection along Xλ, i.e.,
πw(k) = k − λw(k)Xλ(w), ∀k ∈ TwM and w ∈ M . Notice that J˜ is R-invariant,
i.e., T ∗c J˜ = J˜ for all c ∈ R, where
(A.7) Tc(a, w) = (a+ c, w), ∀(a, w) ∈ R×M.
Let (Σ, j) be a compact and connected Riemann surface and Γ ⊂ Σ \ ∂Σ be a
finite set. Let Σ˙ = Σ \ Γ. We consider finite energy pseudo-holomorphic curves in
the symplectization R×M , i.e., maps u˜ = (a, u) : Σ˙→ R×M satisfying
du˜ ◦ j = J˜(u˜) ◦ du˜,
and having finite energy 0 < E(u˜) <∞, where
(A.8) E(u˜) = sup
ψ∈Λ
∫
Σ˙
u˜∗dλψ,
Λ = {ψ ∈ C∞(R, [0, 1]) : ψ′ ≥ 0} and λψ(a, w) = ψ(a)λ(w), ∀(a, w) ∈ R×M . The
curve u˜ is also called a finite energy J˜-holomorphic curve.
Given z0 ∈ Σ˙, there exists a neighborhood U0 ⊂ Σ˙ of z0 and a bi-holomorphism
φz0 : (D, i)→ (U0, j), φz0(0) = z0, such that φ∗j = i, where D ⊂ C is the closed unit
disk centered at 0 and i is the canonical complex structure on C. In coordinates
s+ it ∈ D, the map u˜ ◦ φz0(s, t) = (a(s, t), u(s, t)) satisfies
as(s, t)− λ(ut(s, t)) =0
at(s, t) + λ(us(s, t)) =0
πus(s, t) + J(u(s, t))πut(s, t) =0.
The points in Γ are called punctures. Given z0 ∈ Γ, let φz0 : D → U0 be
as above. There are positive exponential coordinates [0,∞) × R/Z ∋ (s, t) 7→
φz0(e
−(s+it)) near z0 and we may consider the map (s, t) 7→ u˜ ◦ φz0(e−(s+it)) also
denoted by u˜(s, t) = (a(s, t), u(s, t)). Negative exponential coordinates near z0 are
defined similarly with (s, t) ∈ (−∞, 0] × R/Z and we obtain a map (s, t) 7→ u˜ ◦
φz0(e
s+it) also denoted by u˜(s, t) = (a(s, t), u(s, t)).
We say that a puncture z0 ∈ Γ is removable if u˜ = (a, u) can be smoothly
extended over z0, otherwise we say it is non-removable. We assume from now on
that all punctures are non-removable. It is well known that a finite energy pseudo-
holomorphic curve is asymptotic to periodic orbits at non-removable punctures.
Theorem A.2 (Hofer [22]). Let z0 ∈ Γ be a non-removable puncture and (s, t) ∈
[0,∞)× S1 be positive exponential coordinates near z0. Given a sequence sk →∞,
there exists a subsequence still denoted sk and a periodic orbit P = (w, T ), such
that u(sk, ·) → w(ǫT ·) in C∞(S1,M) as sk → ∞. Either ǫ = +1 or ǫ = −1 and
this sign does not depend on the sequence sk.
We say that the non-removable puncture z0 ∈ Γ is positive or negative if ǫ =
+1 or ǫ = −1, respectively, where ǫ is as in Theorem A.2. This induces the
decomposition Γ = Γ+ ∪ Γ− according to the signs of the punctures.
One has exponential convergence if the asymptotic orbit in Theorem A.2 is non-
degenerate, as stated in the following theorem.
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Theorem A.3 (Hofer, Wysocki, Zehnder [25]). Let z0 ∈ Γ be a positive puncture of
the finite energy pseudo-holomorphic curve u˜ = (a, u) and (s, t) ∈ [0,+∞)× S1 be
positive exponential coordinates near z0. Let P = (w, T ) be as in Theorem A.2 and k
be a positive integer such that T = kT0, where T0 is the least positive period of w. Let
(ϑ, x, y) ∈ U0 ⊃ S1 × {0} ≡ P be Martinet’s coordinates in a neighborhood U ⊂ M
of P0 = (w, T0) given by Martinet’s tube ϕ : U → U0. Assume P is nondegenerate.
Then the map ϕ ◦ u(s, t) = (ϑ(s, t), x(s, t), y(s, t)) ∈ U0 is defined for all large s,
and either (x(s, t), y(s, t)) ≡ 0 or there are constants s0, Aγ , r0 > 0, a0 ∈ R, such
that
(A.9)
|Dγ(a(s, t)− (Ts+ a0))| ≤ Aγe−r0s,
|Dγ(ϑ(s, t)− kt)| ≤ Aγe−r0s,
(x(s, t), y(s, t)) = e
∫
s
s0
µ(r)dr
(e(t) +R(s, t)),
|DγR(s, t)|, |Dγ(µ(s) − µ)| ≤ Aγe−r0s,
for all large s and γ ∈ N× N. ϑ(s, t) is seen as a map on the universal cover R of
S1. Here µ(s)→ µ < 0, µ ∈ σ(AP ), and e : S1 → R2 corresponds to an eigensection
of AP associated to µ, represented in coordinates induced by ϕ. A similar statement
holds if z0 ∈ Γ is a negative puncture. In this case, we use negative exponential
coordinates near z0, e
−r0s is replaced with er0s in (A.9), s→ −∞ and the eigenvalue
µ of AP is positive.
The periodic orbit P = (w, T ) given in Theorem A.3 is called the asymptotic
limit of u˜ at the puncture z0 ∈ Γ. In a more general situation as in Theorem A.2,
we say that the periodic orbit P = (w, T ) is an asymptotic limit of u˜ at z0.
In some cases, the asymptotic behavior of u˜ near z0 might be as in Theorem
A.3, even if P is degenerate. In such cases, the eigenvalue 0 ∈ σ(AP ) plays no role
on the asymptotics of u˜ near z0 and we say that u˜ has exponential decay near the
puncture z0.
Let u˜ = (a, u) : Σ˙ → R ×M be a finite energy J˜ -holomorphic curve and let us
assume that u˜ = (a, u) has exponential decay at all of its punctures. We define its
Conley-Zehnder index by
CZ(u˜) =
∑
z∈Γ+
CZ(Pz)−
∑
z∈Γ−
CZ(Pz),
where Pz is the asymptotic limit of u˜ at z ∈ Γ.
The Fredholm index of u˜ is defined by
Fred(u˜) = CZ(u˜)− χ(Σ) + #Γ,
where χ(Σ) is the Euler characteristic of Σ.
The second alternative in Theorem A.3, where we have the exponential asymp-
totic behavior of u˜ as in (A.9) for a suitable eigenvalue µ of AP , implies that π ◦ du
does not vanish near z0. In this case, since π ◦du satisfies a Cauchy-Riemann equa-
tion, the set where π ◦ du vanishes must be finite and we can associate to each zero
of π ◦ du a local degree which is always positive. Denote by windπ(u˜) the sum of
such local degrees. We also have a well-defined winding number for each puncture
as follows: let z ∈ Γ, P be the asymptotic limit of u˜ at z and e : S1 → R2 be the
eigensection of AP describing the behavior of u˜ near z, in local coordinates as in
(A.9), with respect to the global trivialization Ψ defined in (A.3). We define the
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winding number of u˜ at z ∈ Γ by wind∞(z) := wind
(
t 7→ e(t) ∈ R2, t ∈ [0, 1]). The
winding number of u˜ is thus defined by
wind∞(u˜) =
∑
z∈Γ+
wind∞(z)−
∑
z∈Γ−
wind∞(z),
and it does not depend on Ψ. In [26], it is proved that
(A.10) 0 ≤ windπ(u˜) = wind∞(u˜)− χ(Σ) + #Γ.
If Σ = S2, then
(A.11)
Fred(u˜) = CZ(u˜)− 2 + #Γ,
0 ≤ windπ(u˜) = wind∞(u˜)− 2 + #Γ.
Appendix B. Linking properties
In this appendix we prove the following theorem.
Theorem B.1. For all E > 0 sufficiently small, the following holds: let QE =
(yE , tE) ⊂ S˙E be an unknotted periodic orbit of λE with CZ(QE) = 3 and sl(QE) =
−1. Let Q′E = (y′E , t′E) ⊂ S˙E be a periodic orbit of λE which is geometrically
distinct from QE and t
′
E ≤ tE. Then Q′E is linked to QE, meaning that 0 6= [y′E ] ∈
H1(WE \QE ,Z). A similar statement holds for S˙′E.
Proof. Arguing indirectly, we assume there exists a sequence En → 0+ as n → ∞
so that Q′En = (y
′
En
, t′En) ⊂ S˙En is geometrically distinct from and not linked
to QEn = (yEn , tEn) ⊂ S˙En , with t′En ≤ tEn . From Proposition 4.6-i), since
CZ(QEn) = 3, QEn does not intersect a fixed and small neighborhood U˜3 ⊂ UE∗
of pc, where E
∗ > 0 is fixed according to Proposition 2.1. From Proposition 4.2,
we find a constant η¯ > 0 so that the argument η(t) of any non-vanishing transverse
linearized solution of the Reeb flow along a segment of trajectory outside U˜3 satisfies
η˙ > η¯, if E ≥ 0 is sufficiently small. This follows from the convexity assumption on
the critical level given by Hypothesis 2. Hence, since CZ(QEn) = 3 andQ
′
En
⊂ S˙En ,
we find a constant c > 1 such that
(B.1)
1
c
< t′En ≤ tEn < c, ∀n.
The first inequality in (B.1) is explained as follows: arguing indirectly we assume
that t′En → 0 as n → ∞. If there exists δ0 > 0 such that in local coordinates Q′En
does not intersect Bδ0(0), ∀n, then by Arzela`-Ascoli theorem we find a constant
Reeb orbit of λ¯0 on S˙0 = S0 \ {pc}, where λ¯0 is as in Proposition 2.1. This is a
contradiction and we conclude that Q′En must intersect Bδ0(0). Now since Q
′
En
is not a cover of P2,En , QEn must contain a branch qn inside B2δ0(0) \ Bδ0(0),
from ∂Bδ0(0) to ∂B2δ0(0), for all n. This follows from the local flow of K near the
saddle-center equilibrium point. Therefore we find a uniform constant ǫ > 0 so that
t′En =
∫
Q′
En
λEn >
∫
qn
λEn > ǫ, ∀n large,
again a contradication.
Thus using Arzela`-Ascoli theorem we may extract a subsequence, also denoted
by En, so that QEn → Q0 = (y0, t0), tEn → t0 > 0, where Q0 is a periodic orbit
of λ¯0 sitting in S˙0. Moreover, CZ(Q0) ≤ lim infn→∞ CZ(QEn) ≤ 3 and since λ¯0 is
dynamically convex, see Proposition 4.7, we get CZ(Q0) = 3. Q0 must be simple,
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otherwise we would have CZ(Q0) ≥ 5. This implies that Q0 is unknotted and
sl(Q0) = −1, since QEn → Q0 in C∞ as n → ∞ and the same properties hold for
each QEn .
Now we study the compactness of the sequence Q′En . Assume that Q
′
En
stays
away from pc. From (B.1), we can extract a subsequence, still denoted by En, so
that Q′En → Q′0 in C∞ as n→∞, where Q′0 ⊂ S˙0 is a periodic orbit of λ¯0. If Q′0 is
a p-cover of Q0, then p = 1 from (B.1). In this case, since CZ(QEn) = CZ(Q0) = 3,
Q′En must be linked to QEn for large n, a contradiction. Hence Q
′
0 is geometrically
distinct from Q0. Since Q
′
En
is not linked to QEn , necessarily Q
′
0 is not linked to
Q0 as well. Now take a small neighborhood U0 ⊂ UE∗ of pc not intersecting Q0
and Q′0. The set S0 \U0 can be smoothly extended to a strictly convex sphere-like
hypersurface S˜0 ⊂ R4 by a theorem of M. Ghomi, see [18]. We end up with a
strictly convex hypersurface admitting geometrically distinct closed characteristics
Q0 and Q
′
0 which are not linked. However, this contradicts Corollary 6.7 from [28].
Now assume that Q′En gets closer to pc as n → ∞. Then we can find δ > 0
small such that Q′En ∩ Aδ 6= ∅ for all n large, where Aδ ⊂ UE∗ is an annulus cen-
tered at pc determined in local coordinates (q1, q2, p1, p2) by Aδ = Bδ(0) \ B δ
2
(0).
Let γsδ be the intersection of the local stable manifold of pc with Aδ given by{
p1 = q2 = p2 = 0,
δ
2 ≤ q1 < δ
}
and let γuδ be the intersection of the local unsta-
ble manifold of pc with Aδ given by
{
q1 = q2 = p2 = 0,
δ
2 ≤ p1 < δ
}
. Each seg-
ment of Q′En intersecting Aδ gets either closer to γ
s
δ or to γ
u
δ as n → ∞. Since∫
γs
δ
λ¯0,
∫
γu
δ
λ¯0 > c1 > 0 for some constant c1 > 0, and λEn → λ¯0 in Aδ, see Propo-
sition 2.1, we conclude that each component γn of Q
′
En
∩ Aδ satisfies
∫
γn
λEn > c1
for all large n. Since the action of Q′En is uniformly bounded, see (B.1), the num-
ber of components of Q′En ∩ Aδ is uniformly bounded in n. We may assume that
the number of such components is constant equal to 2p0 ≥ 2, p0 of them close to
γsδ and p0 close to γ
u
δ . This implies that Q
′
En
has exactly p0 components outside
Bδ(0). Again from (B.1) and from the fact that the Liouville vector fields YEn and
X¯0 coincide outside Bδ(0) and near S˙0 for all large n, see Proposition 2.1, we can
use Arzela`-Ascoli theorem in order to find a subsequence of En and a homoclinic
orbit γ0 ⊂ S˙0 to pc so that, after a suitable reparametrization, Q′En converges in
C0 to a p0-cover of the simple closed curve γ¯0 := γ0 ∪ {pc} ⊂ S0 as n→∞. From
the assumptions on QEn and Q
′
En
, γ¯0 is not linked to Q0 in S0. This contradicts
Proposition B.2 proved below and finishes the proof of Theorem B.1. 
Proposition B.2. Assume pc admits a homoclinic orbit γ0 ⊂ S˙0. Let Q0 ⊂ S˙0
be an unknotted periodic orbit with CZ(Q0) = 3 and sl(Q0) = −1. Then the closed
curve γ¯0 = γ0 ∪ {pc} ⊂ S0 is linked to Q0 in S0.
In order to prove Proposition B.2 we start by regularizing S0 near pc to obtain
a dynamically convex tight Reeb flow on a smooth sphere-like hypersurface so that
Q0 and γ¯0 correspond to periodic orbits. Then we apply Corollary 6.7 from [28] to
get the desired linking property.
Fix δ1 > 0 small and choose a cut-off symmetric function f : R → [0, 1] so that
f ′(x) ≤ 0 ∀x ≥ 0, f(x) = 1 if 0 ≤ x ≤ δ12 , and f(x) = 0 if x ≥ δ1. We consider S0
as a subset of R4. Fix a small neighborhood U0 ⊂ R4 of pc not intersecting Q0 and
let Sǫ ⊂ R4 be the hypersurface which coincides with S0 outside U0 and inside U0
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corresponds in the local coordinates z = (q1, q2, p1, p2) to the set K
−1
ǫ (0) where
Kǫ(z) = K¯(I1, I2) + ǫf(q1 + p1),
ǫ > 0 small. Then Sǫ is diffeomorphic to the 3-sphere and in local coordinates it
projects on {q1, p1 ≥ 0}, not containing the origin. Moreover Sǫ → S0 in C0 as
ǫ → 0 and Sǫ → S0 in C∞ as ǫ → 0 outside any fixed neighborhood of pc. Note
that Sǫ coincides with S0 in the set {q1 + p1 ≥ δ1}.
Lemma B.3. For all ǫ > 0 small, the Hamiltonian flow on Sǫ is equivalent to the
Reeb flow of a dynamically convex tight contact form on S3.
Proof. Let S˜ǫ = ϕ
−1(Sǫ ∩ U) ⊂ {q1 ≥ 0, p1 ≥ 0}, 0 6∈ S˜ǫ, where ϕ : V → U is the
symplectic diffeomorphism established in Hypothesis 1. Let δ0 ≫ δ¯0 > 0 be as in
Proposition 3.8-ii). We may assume that δ1 > 4δ0 and, if z ∈ Bδ0(0) ⊂ V, then
q1 + p1 < δ1/2, where δ1 > 0 is given above.
Let Y be the Liouville vector field on V constructed in Section 3, see equation
(3.18). As mentioned in the proof of Proposition 2.1, Y induces a Liouville vector
field, denoted here by X¯0 and defined near S0 ⊂ R4, by patching ϕ∗Y together
with X0 =
w−w0
2 , w0 = ϕ(z0), z0 =
1√
2
(δ0, 0, δ0, 0). Proposition 3.8-i) and Remark
1.7 show that X¯0 is transverse to S˙0.
From Proposition 3.8-i), Y is positively transverse to S˜ǫ outside Bδ¯0(0) if ǫ > 0
is sufficiently small. This follows from the fact that S˜ǫ → ϕ−1(S0 ∩ U) in C∞
outside Bδ¯0(0) as ǫ→ 0+. Hence X¯0 is transverse to Sǫ outside ϕ(Bδ¯0(0)) if ǫ > 0
is sufficiently small. Now observe that, from the choices of δ¯0, δ0 and δ1, we have
z ∈ Bδ¯0(0) ∩ S˜ǫ ⇒ z ∈ K−1(−ǫ). From Proposition 3.8-ii), this implies that Y is
positively transverse to S˜ǫ if z ∈ Bδ¯0(0) ∩ S˜ǫ. Therefore X¯0 is transverse to Sǫ for
all ǫ > 0 small and then λǫ := iX¯0ω0|Sǫ is a contact form on Sǫ. Since Sǫ bounds a
symplectic manifold, λǫ is tight, see [16].
To see that λǫ is dynamically convex we use the frame {X1, X2}, defined in (4.2),
to analyze the linearized flow as in the proof of Proposition 2.2 in Section 4. Using
Lemma 4.4 with W0 := ϕ(Bδ0(0)), we find small neighborhoods U2π ⊂ U∗ ⊂ W0
of pc such that the argument variation ∆η of a non-vanishing transverse linearized
solution along a segment of trajectory in U∗ ∩ Sǫ ⊂ H−1(−ǫ) which intersects U2π
satisfies
(B.2) ∆η > 2π.
Since Sǫ → S0 in C∞ outside U2π as ǫ→ 0+, we can assume that
(B.3) η˙ > η¯ > 0
outside U2π for some η¯ > 0 and all ǫ > 0 small. Here we use the parametrization
induced by Kǫ and by H outside U and also when q1 + p1 ≥ δ1. So, arguing
indirectly, assume there exists a sequence ǫn → 0+ and periodic orbits Pn ⊂ Sǫn
with
(B.4) CZ(Pn) ≤ 2
and periods Tn > 0, ∀n. From (B.2) and (B.3) we have Pn ∩U2π = ∅ for all large n.
From (B.3) and (B.4), Tn is uniformly bounded so, by Arzela`-Ascoli theorem, we
can extract a subsequence still denoted by Pn so that Pn → P¯0 in C∞ as n→ ∞,
where P¯0 is a periodic orbit contained in S0 \ U2π. From (B.4), CZ(P¯0) ≤ 2. This
contradicts Proposition 4.7 and finishes the proof of the lemma. 
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Lemma B.4. In the hypotheses of Proposition B.2, we have: for each ǫ > 0 small,
there exists a homeomorphism h : S0 → Sǫ satisfying the following properties:
(i) h is the identity map outside a small neighborhood of pc in S0;
(ii) h|S˙0 is a smooth diffeomorphism;
(iii) h(γ¯0) = P0, where P0 ⊂ Sǫ \ Q0 is a closed characteristic of Sǫ, which is
linked to Q0.
Proof. To define h : S0 → Sǫ, we first require that h coincides with the identity
map outside U0 and also at the points w = ϕ(q1, q2, p1, p2) ∈ S0 ∩ U0 satisfying
{q1 + p1 ≥ δ1} in local coordinates. At the remaining points w ∈ S0 ∩ U0, which
satisfy q1, p1 ≥ 0, 0 ≤ q1 + p1 ≤ δ1, we define h in local coordinates as follows. Let
q¯1 ≥ 0 be such that q1p1 = q¯12δ1. The negative Hamiltonian flow of Kǫ through
(q¯1, q2, 2δ1, p2) projected into the (q1, p1)-plane hits the line {(q1, p1) + λ(1, 1), λ ∈
R} at a single point (q˜1, p˜1). This follows from the fact that XKǫ is always linearly
independent to the vector (1, 0, 1, 0) for any ǫ > 0 small and q1 + p1 ≥ 0, (q1, p1) 6=
(0, 0). We let h(w) := ϕ(q˜1, q2, p˜1, p2). Clearly h(w) ∈ Sǫ. Notice that h fixes the
coordinates (q2, p2). The maps defined above are smooth in coordinates (q1, p1)
and this implies that h is continuous in S0 and smooth in S˙0 = S0 \ {pc}.
Its inverse h−1 : Sǫ → S0 is the map defined in the following way: if w ∈ Sǫ and
w 6∈ U0 or if in local coordinates w is such that q1 + p1 ≥ δ1, then h−1(w) = w. If
w ∈ Sǫ∩U0 and in local coordinates is such that 0 < q1+p1 ≤ δ1, then the positive
flow of Kǫ through z = ϕ
−1(w) = (q1, q2, p1, p2) hits the hyperplane {p1 = 2δ1} at
a point (q¯1, q¯2, 2δ1, p¯2) satisfying q¯1 ≥ 0. Let λ ∈ R be the root of the equation
q¯12δ1 = (q1 − λ)(p1 − λ) given by
λ =
q1 + p1 −
√
(q1 − p1)2 + 8δ1q¯1
2
≥ 0.
We define z˜ = z − λ(1, 0, 1, 0) and let h−1(w) = ϕ(z˜). The map (q1, p1) 7→ (q¯1, 2δ1)
is smooth since it is the restriction of a smooth flow map. The map (q¯1, 2δ1) 7→ z˜
is smooth except if both equalities q1 = p1 and q¯1 = 0 hold. However, this point is
mapped to 0 and (q¯1, 2δ1) 7→ z˜ is only continuous at this point. This implies that
h−1 is also continuous and therefore h is a homeomorphism and h restricts to a
smooth diffeomorphism at S˙0.
Observe that h(Q0) = Q0, since U0 was chosen so that Q0 ⊂ S0 \ U0. Now
for each w ∈ γ¯0 outside U0 or which satisfies q1 + p1 ≥ δ1 in local coordinates,
we have h(w) = w. In local coordinates, γ¯0 is given by γ¯0,loc := {q1p1 = 0, q2 =
p2 = 0, 0 ≤ q1 + p1 ≤ δ1}. We can assume that γ¯0 ∩ {0 ≤ q1 + p1 ≤ δ1} = γ¯0,loc.
By construction of h and by the symmetry of XKǫ with respect to {q1 = p1}, we
see that γ¯0,loc is mapped into a trajectory of XKǫ which, in local coordinates, is
contained in {q2 = p2 = 0} ∩ S˜ǫ, starts at {q1 = δ1, q2 = p1 = p2 = 0} and ends
at {p1 = δ1, q1 = q2 = p2 = 0}. This segment of trajectory is symmetric with
respect to {q1 = p1} and its internal points are contained in {q1 > 0, p1 > 0}. Thus
P0 := h(γ¯0) is a closed characteristic of Sǫ. Now Q0 is also a closed characteristic
of Sǫ which is geometrically distinct from P0 by construction. From Lemma B.3,
if ǫ > 0 is small enough then the Hamiltonian flow on Sǫ is equivalent to the Reeb
flow of a dynamically convex tight contact form on S3. Since Q0 is unknotted,
sl(Q0) = −1 and CZ(Q0) = 3, we can use Corollary 6.7 from [28] to conclude that
P0 is linked to Q0. 
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Proposition B.2 is a direct consequence of Lemma B.4.
Appendix C. Uniqueness and intersections of pseudo-holomorphic
curves
In this appendix we use Siefring’s intersection theory [46] to prove uniqueness of
rigid planes and rigid cylinders in WE and we obtain some intersection properties
of pseudo-holomorphic semi-cylinders asymptotic to P2,E . We only treat the case
SE since the case S
′
E is completely analogous. We start with uniqueness.
In Proposition 2.8, we prove that, for all E > 0 sufficiently small, there exists a
pair of finite energy J˜E-holomorphic planes u˜1,E = (a1,E , u1,E), u˜2,E = (a2,E , u2,E) :
C→ R×WE , both asymptotic to P2,E at +∞, so that u1,E(C) = U1,E , u2,E(C) =
U2,E are the hemispheres of ∂SE. Moreover, we prove in Proposition 2.10-ii), the
existence of a finite energy J˜E-holomorphic cylinder v˜E = (bE , vE) : R × S1 →
R×WE , asymptotic to P3,E and P2,E at s = +∞ and s = −∞, respectively, and
so that vE(R × S1) ⊂ S˙E \ P3,E . The asymptotic behavior of v˜E at s = +∞ is
given in Proposition 8.3.
Proposition C.1. Up to reparametrization and R-translation, u˜1,E and u˜2,E are
the unique finite energy J˜E-holomorphic planes asymptotic to P2,E at +∞. In the
same way, v˜E is the unique finite energy J˜E-holomorphic cylinder with projected
image in S˙E \ P3,E, which is asymptotic to P3,E and to P2,E at s = +∞ and
s = −∞, respectively, and so that its asymptotic behavior at s = +∞ is described
by a negative eigenvalue of AP3,E with winding number 1 as in Proposition 8.3.
Proof. Let us start with the case of the rigid planes. Arguing indirectly, we assume
that u˜ = (a, u) : C→ R×WE is a finite energy J˜E -holomorphic plane asymptotic
to P2,E at +∞, which does not coincide with u˜1,E and u˜2,E up to reparametrization
and R-translation. This is equivalent to saying that
(C.1) u(C) 6= u1,E(C) and u(C) 6= u2,E(C).
Since the hyperbolic orbit P2,E is unknotted, CZ(P2,E) = 2 and π2(S
3) vanishes,
we have from Theorem 1.3 in [26] that
(C.2) u(C) ∩ P2,E = ∅
and u is an embedding. Equations (C.1), (C.2) and Theorem 1.4 from [26] imply
that
(C.3) u(C) ∩ u1,E(C) = ∅ and u(C) ∩ u2,E(C) = ∅.
Denote by wind(e+) the winding number of the asymptotic eigensection e+ of
AP2,E , which describes u˜ near +∞, computed with respect to a global trivialization
of ξ. See Appendix A for definitions. Since e+ is associated to a negative eigenvalue
of AP2,E and CZ(P2,E) = 2, we have that wind(e+) ≤ wind<0(AP2,E ) = 1. Then
we obtain
0 ≤ windπ(u˜) = wind∞(u˜)− 1 = wind(e+)− 1 ≤ 0,
which implies that
(C.4)
wind∞(u˜) = wind(e+) = 1,
windπ(u˜) = 0,
d0(u˜) := wind
<0(AP2,E )− wind(e+) = 0.
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In [46], R. Siefring introduces a generalized intersection number between pseudo-
holomorphic curves u˜ and v˜, denoted by [u˜] ∗ [v˜], which counts the actual algebraic
intersection number plus an asymptotic intersection number at their punctures.
Recall that u1,E and u2,E don’t intersect P2,E . Moreover, the eigensections e1
and e2 of AP2,E describing u˜1,E and u˜2,E at +∞, respectively, also have winding
number 1, and therefore, d0(u˜1,E) = d0(u˜2,E) = 0.
Using equations (C.2), (C.4) and Corollary 5.9 from [46] (see conditions (1) and
(3)), we obtain
(C.5) [u˜] ∗ [u˜1,E ] = 0 and [u˜] ∗ [u˜2,E ] = 0.
Definition C.2 (Siefring [46]). Let u˜, v˜ be finite energy J˜E-holomorphic curves as-
ymptotic to the same nondegenerate periodic orbit P ∈ P(λE) at certain punctures
of u˜ and v˜, respectively. We say that u˜ and v˜ approach P in the same direction
at these punctures if η+ = cη− for a positive constant c, where η+ and η− are the
eigensections of the asymptotic operator AP which describe u˜ and v˜, respectively,
near the respective punctures, as in Theorem A.3. In case η+ = cη− with c < 0, we
say that u˜ and v˜ approach P through opposite directions.
Since wind(e+) = wind(e1) = wind(e2) = 1 and there exists only one negative
eigenvalue δ of AP2,E with winding number equal to 1, we conclude that e+, e1 and
e2 are all δ-eigensections. Since the eigenspace of δ-eigensections is one-dimensional,
we find a positive constant c > 0 such that either e+ = ce1 or e+ = ce2. Suppose
without loss of generality that e+ = ce1, c > 0. We conclude that
(C.6) u˜ and u˜1,E approach P2,E in the same direction.
Using (C.3), (C.6) and Theorem 2.5 from [46], we conclude that [u˜] ∗ [u˜1,E] > 0,
contradicting (C.5). We have proved that u˜1,E and u˜2,E are the unique finite
energy J˜E-holomorphic planes asymptotic to P2,E , up to reparametrization and
R-translation, and they approach P2,E through opposite directions.
Now we deal with the cylinder case. Again we argue indirectly and assume the
existence of a finite energy J˜E-holomorphic cylinder v˜ = (b, v) : R× S1 → R×WE
which is asymptotic to P3,E at s = +∞, asymptotic to P2,E at s = −∞, v(R×S1) ⊂
S˙E \ P3,E , and that
(C.7) v(R× S1) 6= vE(R× S1).
This implies, by Carleman’s similarity principle, that the images of vE and v do
not coincide near any neighborhood of s = −∞.
We also assume that there exists an eigensection e+ of AP3,E with winding num-
ber equal to 1 associated to a negative eigenvalue, which describes v˜ near s = +∞
as in Theorem A.3.
Denote by e− the eigensection of AP2,E associated to a positive eigenvalue which
describes v˜ near s = −∞ as in Theorem A.3. Since CZ(P2,E) = 2, we have
wind(e−) ≥ wind≥0(P2,E) = 1. Moreover, we have
0 ≤ windπ(v˜) = wind∞(v˜) = wind(e+)− wind(e−) = 1− wind(e−) ≤ 0.
We conclude that windπ(v˜) = 0 and wind(e+) = wind(e−) = 1. Denote by e1+
the eigensection of AP3,E which describes v˜E near +∞ and by e1− the eigensection
of AP2,E which describes v˜E near −∞. We also have wind(e1+) = wind(e1−) = 1,
see Proposition 8.6. Since there exists only one positive eigenvalue of AP2,E with
winding number 1 and its eigenspace is one-dimensional, we conclude that there
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exists a constant c so that e− = ce1−. Since v(R × S1), vE(R × S1) ⊂ S˙E we
conclude that c > 0, i.e., v˜ and v˜E approach P2,E in the same direction. (C.7) and
Theorem 2.5 from [46] imply that
(C.8) [v˜] ∗ [v˜E ] > 0.
Now since v(R×S1)∩ (P2,E ∪P3,E) = ∅ we can apply Corollary 5.9 from [46] to
conclude that [v˜] ∗ [v˜E ] = 0, contradicting (C.8). This proves that v˜E is the unique
finite energy J˜E-holomorphic cylinder with the properties given in the statement
of this proposition. 
Remark C.3. This type of uniqueness property of pseudo-holomorphic curves, as
proved in Proposition C.1, can be found in [34].
Now we prove the following intersection properties of semi-cylinders asymptotic
to covers of P2,E .
Proposition C.4. The following assertions hold:
i) Let w˜ = (d, w) : (−∞, 0] × S1 → R × WE be a somewhere injective fi-
nite energy J˜E-holomorphic semi-cylinder, which is asymptotic to a p0-
cover of P2,E at its negative puncture −∞, with p0 ≥ 2. Assume also that
w((−∞, 0] × S1) ⊂ S˙E. Then w admits self-intersections, i.e., there exist
z1 6= z2 ∈ (−∞, 0] × S1 so that w(z1) = w(z2). In particular, there exists
c ∈ R so that w˜(z1) = w˜c(z2), where w˜c := (d+ c, w).
ii) Let w˜1 = (d1, w1), w˜2 = (d2, w2) : (−∞, 0]× S1 → R×WE be finite energy
J˜E-holomorphic semi-cylinders, which are both asymptotic to P2,E at their
negative punctures −∞. Assume that w1((−∞, 0]×S1), w2((−∞, 0]×S1) ⊂
S˙E. Then w1 intersects w2, i.e., there exist z1, z2 ∈ (−∞, 0] × S1 so that
w1(z1) = w2(z2). In particular, there exists c ∈ R so that w˜1(z1) = w˜2,c(z2),
where w˜2,c := (d2 + c, w2).
Proof. The asymptotic operator AP2,E admits two eigenvalues δ
− < 0 and δ+ > 0
with winding number 1, whose eigenspaces are both one-dimensional and contain
a pair of δ−-eigensections e1, e2 and a pair of δ+-eigensections e−, e′−, respectively,
which describe, in this order, the asymptotic behavior of the rigid planes u˜1,E, u˜2,E
near the puncture +∞ and of the rigid cylinders v˜E , v˜′E near the negative puncture
−∞, as in Theorem A.3. From Theorem A.1-(iv), the δ−-eigensections e− and e′−
are transverse to ∂SE = u1,E(C)∪P2,E ∪u2,E(C) at P2,E and, moreover, e− points
inside S˙E and e
′
− points inside S˙
′
E .
The periodic orbit P p02,E = (x2,E , p0T2,E) is also hyperbolic and has Conley-
Zehnder index CZ(P p02,E) = 2p0. Its asymptotic operator APp02,E
admits an eigensec-
tion ep0− associated to the least positive eigenvalue δ
p0 := p0δ
+ with winding number
p0. In fact, one can check that e
p0
− can be chosen to be equal to e− covered p0 times.
All the eigensections of APp02,E associated to positive eigenvalues µ > δ
p0 have wind-
ing number > p0. Then, since we are assuming that w((−∞, 0] × S1) ⊂ S˙E , it
follows that w˜ is described by ep0− near s = −∞.
To see that w self-intersects, we argue indirectly assuming it doesn’t. Consider
Martinet’s coordinates (ϑ, x, y) ∈ S1 × R2 near P2,E ≡ S1 × {0}, so that in these
coordinates we have ∂x ∼ e−, where ∼ means a positive multiple of each other.
Therefore, with respect to the frame {∂x, ∂y}, the winding number of e− is equal to
zero. From the asymptotic description of w˜ near −∞, we have that the image F0 :=
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{w(s, t), (s, t) ∈ (−∞, s0] × S1}, s0 ≪ 0, is a connected strip and the intersection
of F0 with the plane {ϑ = t} contains p0 disjoint branches of curves converging
to (t, 0, 0) as s → −∞, and all of them tangent to ∂x at (t, 0, 0), for each t ∈ S1.
Hence, in these coordinates, F0 ⊂ {x > 0}. These p0 branches vary smoothly in
t ∈ S1 and, since we are assuming they are disjoint, it follows that they admit a
natural order in R2 ≡ {ϑ = t} which is independent of t. This is not possible since
F0 is connected and p0 ≥ 2, so the branches should non-trivially permute when
going through each period of P2,E , implying intersections of the branches. This
contradiction shows that w must self-intersect. This proves i).
To prove ii), we use Siefring’s description of the difference of two distinct pseudo-
holomorphic semi-cylinders [45]. After a change of coordinates in the domain, which
converges to the identity as s→ −∞, we can write
wi(s, t) = expx2,E(T2,Et) e
δis(ηi(t) + ri(s, t)), s≪ 0,
i = 1, 2, where δi > 0 is an eigenvalue of the asymptotic operator AP2,E , ηi is
a δi-eigensection and ri(s, t) decays exponentially fast with all of its derivatives
as s → −∞, i = 1, 2. Here exp denotes the exponential map associated to the
usual metric on WE induced by J˜E = (λE , JE). Since wi((−∞, 0] × S1) ⊂ S˙E ,
we have that δi = δ
+, i = 1, 2, where δ+ is the least positive eigenvalue of AP2,E .
Its winding number wind(δ+) is equal to 1, when computed with respect to a
global trivialization of ξ. Since δ+ is the only positive eigenvalue with winding
number 1, since its eigenspace is one-dimensional and since wi((−∞, 0]×S1) ⊂ S˙E ,
i = 1, 2, we conclude that w˜1 and w˜2 approach P2,E through the same direction,
i.e., η1(t) = cη2(t), ∀t, for a positive constant c > 0. After a translation in the
domain, we can assume that c = 1⇒ η1(t) = η2(t), ∀t.
Let Wi(s, t) := e
δis(ηi(t) + ri(s, t)), i = 1, 2. From Theorem 2.2 in [45], adapted
to negative punctures, we obtain that either W1(s, t) ≡ W2(s, t) or there exists a
positive eigenvalue δ¯ of AP2,E and a δ¯-eigensection e¯ such thatW1(s, t)−W2(s, t) =
eδ¯s(e¯(t) + r(s, t)), where r(s, t) decays exponentially fast with all of its derivatives
as s→ −∞. In the second case,
eδ
+s(r1(s, t)− r2(s, t)) =W1(s, t)−W2(s, t) = eδ¯s(e¯(t) + r(s, t)), s≪ 0,
and, from the exponential decay of ri, i = 1, 2, we conclude that δ¯ > δ
+, which
implies wind(δ¯) > wind(δ+) = 1. Therefore, in both cases, we find infinitely many
intersections of w1 with w2, for |s| arbitrarily large. 
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